AMERICAN 
JOURNAL of PHYSICS 


A Journal Devoted to the Instructional and Cultural Aspects of Physical Science 


VotumeE 17, NuMBER 4 


ApriL, 1949 


The Dimensions of Physical Concepts 


Parry Moon 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


AND 


DoMINA EBERLE SPENCER 
Brown University, Providence, Rhode Island 


ESPITE the extensive literature on the 

dimensions of physical quantities, the 
subject is still in a controversial state. In the 
earlier decades of this century, the trouble was 
associated with vestiges of the nineteenth- 
century belief that all physics could be reduced 
to mechanics and consequently all dimensional 
formulas could be expressed in terms of /, m, t. 
Today, physicists generally accept the idea that 
dimensions are arbitrary,’ yet traces of the old 
belief still appear. 

Maxwell? seems to be largely responsible for 
the emphasis on /, m, t as fundamental dimen- 
sions. Also, since he was interested in dimensions 
primarily as a means of changing from one 
system of units to another, he stressed units 
rather than concepts. His treatment has been 
followed by writers on the subject for the past 
80 years, despite the fact that further develop- 
ments have made change of units one of the 
least important of dimensional applications. 

In the modern treatment of dimension theory, 
the primary application is the designation of 


1P, W. Bridgman, Dimensional analysis (Yale Univ. 
Press, New Haven, 1931). 

2 See J. C. Maxwell and F. Jenkin, ‘“‘On the elementary 
relations between electrical measurements,” British Assn. 
Report for 1863, p. 130; Reports of the Committee on 
Electrical Standards, London, 1873, p. 59; J. C. Maxwell, 
A treatise on electricity and magnetism (Oxford Univ. 
Press), Vol. I, p. 1. 


concepts and the emphasis throughout is on 
concepts rather than units. Yet the older idea— 
that dimensions are associated with units—is 
often expressed and thus it seems worth while to 
discuss this basic question. 

The viewpoint that we wish to examine is 
most precisely stated by Birge,* and we shall 
therefore refer to his papers in some detail. 
Before considering his arguments, however, we 
shall attempt to express our ideas on the subject 
and will then compare them with Birge’s. 


I. Concepts 


In the first place, we agree with Bridgman! 
and Birge* on the relativity of dimensions—the 
number and choice of primary dimensions are 
arbitrary. As a corollary to this theorem, one 
may say that there is nothing ‘‘wrong”’ with the 
l, m, t system, the use of fractional exponents, 
or other controversial proposals. Dimension 
theory is a man-made device whose justification 
is its utility. The question therefore is not the 
tightness or wrongness of a dimensional idea but 
rather the usefulness of the idea. We shall employ 


3R. T. Birge, “On the establishment of fundamental 
and derived units with special reference to electric units,”’ 
Am. J. Physics 3, 102, 171 (1935); “On electric and 
magnetic units and dimensions,” Am. J. Physics 2, 41 
(1934). 
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this pragmatic criterion throughout and shall 
not attempt any metaphysical speculation. 

The existence of physical concepts is evidently 
accepted by all physicists, even though they 
may deny that concepts have dimensions. The 
operational definition of concepts is also widely 
accepted. Bridgman‘ says, 


. . we mean by any concept nothing more than a set 
of operations; the concept is synonymous with the corre- 
sponding set of operations. 


Again he says, 


There probably is no statement either in Einstein or 
other writers that the [operational] use of ‘concept’ has 
been self-consciously made, but that such is the case is 
proved, I believe, by an examination of the way concepts 
are now handled by Einstein and others. For, of course, 
the true meaning of a term is to be found by observing 
what a man does with it, not by what he says about it. 
We may show that this is the actual sense in which concept 
is coming to be used by examining in particular Einstein’s 
treatment of simultaneity. 


The concepts of physics may be classified as 
primary and secondary. In mechanics, the pri- 
mary concepts are usually taken as length, mass, 
and time; and an attempt is made to express 
everything in terms of these three primary 
concepts. This choice, however, is arbitrary and, 
even for mechanics, is not always most con- 
venient. In heat and in electromagnetism, there 
is a distinct advantage in introducing additional 
primary concepts. 


II. Designation Symbols 


In classifying and correlating the various con- 
cepts of physics, one finds it helpful to introduce 
certain designation symbols, usually called dimen- 
sion symbols. The thesis of this paper is that 
these designation symbols apply to the concepts 
themselves and not to the units. The symbolsare 
primarily useful in showing at a glance the 
relations among concepts, irrespective of the 
choice of units and standards. 

For instance, if 1, m, t are chosen as primary 
concepts, then the concept of velocity is desig- 
nated by the symbols Jt, force is Jmt-, and 
power is /?mt-*. Or one may write the designation 
symbols in the form of an ordered set® or number- 

4P. W. Bridgman, The logic of modern physics (Mac- 


millan Co. New York, 1927). 


5See, for instance, L. E. Dickson, Linear algebras 
(Cambridge Univ. Press, 1930). 
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triple: for example, [1,0,—1], [1,1, —2], 
[2,1, —3]. In all cases, the symbols designate 
the concepts, not the units. 

In treating any branch of physics, one writes 
down a list of the concepts and attaches to each 
a designation symbol or group of symbols. This 
fixes the particular concepts for the branch of 
physics and shows how these concepts are re- 
lated. Up to this point, no consideration has been 
given to units. After this aspect of the subject 
is settled, however, one is free to proceed to the 
independent consideration of (i) names of con- 
cepts, (ii) choice of units, (iii) names of units, 
(iv) choice of standards. 

The foregoing procedure was used in revising 
the concepts of radiometry and photometry.® 
As stated, the primary object of introducing 
designation symbols is to aid in the classification 
of concepts. It is found, however, that the 
symbols have value in other applications such as 
the checking of equations, the derivation of new 
equations, and the solution of problems by 
model theory. 


Ill. Principles 


Consider the establishment of a satisfactory 
set of designation symbols for physics. In view 
of the controversial nature of the subject, it 
seems advisable to state as precisely as possible 
the postulates on which one may proceed: 

(1) The choice of primary concepts is arbi- 
trary. The number of primary concepts, as well 
as their nature, may be varied at will. The 
designation symbols will change with the choice 
of primary concepts. 

(2) The concepts that are chosen as primary 
have no necessary connection with the quantities 
that are fixed by standards. For instance, the 
fact that a standard ohm is a convenient piece 
of laboratory equipment does not mean that 
charge or permittivity may not be taken as 
primary concepts, with resistance as a derived 
quantity. 

(3) Designation symbols for concepts can be 

6 Parry Moon, ‘‘A system of photometric concepts,” 
J. Opt. Soc. Am. 32, 348 (1942). P. Moon and D 
Spencer, ‘‘A study of photometric nomenclature,’’ J. Opt. 
Soc. Am. 36, 666 (1946); “‘Internationality in the names 
of scientific concepts,’’ Am. J. Physics 14, 285 (1946); 
14, 431 (1946); 15, 84 (1947) ; “Utilizing the mks system,” 


Am. J. Physics 16, 25 (1948); ‘‘Modern terminology for 
physics,” Am. J. Physics 16, 100 (1948). 
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fixed without regard to the specific units that 
are employed. 

(4) With a given choice of primary concepts, 
a 1:1 correspondence should exist between 
concepts and their designation symbols. 

(5) The number of primary concepts should 
be a minimum, consistent with the satisfaction 
of postulate (4). 

The principal requirement is the 1:1 corre- 
spondence between concepts and designation 
symbols, stated in postulate (4). In the /, m, t 
system, this principle is violated in a number of 
cases. For instance, on the electrostatic basis 
capacitance has the same designation symbol as 
length, and resistivity has the same symbol as 
time. Everyone is familiar also with the identical 
designation symbols for energy and torque. Yet 
capacitance and length are universally regarded 
as distinct concepts. The same is true of resis- 
tivity and time, energy and torque. The am- 
biguity in their designation tends to introduce 
into dimension theory a vagueness that is 
anything but helpful. 

A basic principle of dimension theory, stated 
by FourRIER in 1822 and by MAXWELL in 1863, 
is the principle of dimensional homogeneity: if 
two terms in an equation of physics have the 
same dimensions, they can be added; if not, 
they cannot be added. But no one seems to have 
remarked that this law cannot possibly hold 
universally unless there is a 1:1 correspondence 
between designation symbol and concept. In the 
1, m, t system, the principle holds sometimes but 
not always; and it is these exceptions that make 
traditional dimension theory so treacherous and 
unsatisfactory a tool. 

By taking temperature and electric charge as 
additional fundamental concepts, we remove 
much of the ambiguity in the subjects of heat 
and electromagnetism. If now two fundamental 
space concepts,’ designated by /7, and /;, are 
introduced in place of the usual length /, all 
discrepancies are eliminated and a true 1:1 
correspondence is obtained between concepts and 
designation symbols. This subject will be treated 
in detail in another paper.® 


7 The idea of splitting the usual /-dimension into three 
was proposed by W. Williams in 1892 (Phil. Mag. 34, p. 
234). Our use of two primary lengths appears to be new. 

8’ P. Moon and D. E. Spencer, ‘‘A modern approach to 
dimensions,” J, Franklin Inst. (1949). . 


IV. Geometric Representation 


The equations of physics are mathematical 
equations giving relations among numbers. 
Physically they are meaningless unless supple- 
mented by a text that tells what the symbols 
signify and under what circumstances the equa- 
tions apply. 

Sometimes it is convenient to include part of 
the text in the equation, and one way of accom- 
plishing this is by writing equations in terms of 
complete physical quantities instead of pure 
numbers. A physical quantity or physical magni- 
tude is a specific amount of a definite kind, as a 
potential difference of 120. We shall denote such 
a quantity by a symbol in curly brackets,® as 
{A}, and shall understand this symbol to desig- 
nate both the magnitude (as 120) and the 
concept (as potential difference). Then 


{A} =AL[a', a’, + a], (1) 


Here the magnitude of {A} is A, while the kind 
of physical quantity is specified by the designa- 
tion symbol, which may be written!° 


[a', a, ---a*]=a', +=1, 2, ---k. 


The quantity {A} may be called an idon (from 
Gk etéos meaning class, species),!' and the study 


{t} 


ky 
= 


DISTANCE 
ie 


Fic. 1. An idonic 2-space, showing the time and distance 
axes, as well as base vectors for time tt 1], distance 
[1, 0], velocity [1, —1], and acceleration [1, —2]. 


®P. Moon and D. E. Spencer, ‘“‘A geometric treatment 
of dimensions,” to be published. 

10 J, A. Schouten and D. J. Struik, Einfihrung in die 
neueren Methoden der Differentialgeometrie (P. Noordhoff, 
Groningen, 1935), Vol. I. 

1 A long and unsuccessful attempt was made by the 
authors to employ the traditional words dimensions and 
dimensional analysis. But ambiguities constantly arose 
and required all sorts of clumsy circumlocutions before 
any semblance of clarity and precision could be obtained. 
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of these quantities may be termed idon theory or 
idon analysis. 
Any equation of physics, such as 


F=ma, 


(2) 
can be written in extended form by merely 
substituting idons for the usual numerical magni- 
tudes. The foregoing equation then becomes (for 
l, m, t as primary concepts), 


{F} ={m} {a}. 


If {F}=Fa‘, {m}=mb‘=m(0, 1, 0], 
=a[1,0, —2], then 


Fa‘=(ma)-[1, 1, —2], 


{a} =ac* 


(3) 


where the product of two designation symbols is 
obtained by adding corresponding coordinates 
(Sec. V). Equation (3) may now be split into 
two parts, if desired. The scalar part is Eq. (2), 
while the idon vector part gives the designation 
symbol for force: 


a‘=[1, 1, —2]. 


Geometrically, an idon {A} may be considered 
as a vector in a k-dimensional manifold. The 
magnitude of the vector is denoted by A and its 
direction is specified by the base vector a‘. The 
numbers a!, a?---a* are the coordinates of the 
base vector. The fictitious space in which the 
idon vectors lie is called idon space. Its dimen- 
sionality k is equal to the number of primary 
concepts employed in the problem under con- 
sideration. Thus if /, m, ¢ are used as primary 
concepts, idon space will be a 3-space and the 
coordinate axes will be /, m, and tf. 

For kinematics, two primary concepts, / and ¢, 
are ordinarily employed. In this case, idon space 
is 2-dimensional (Fig. 1). Any physical distance 
is represented by a vector {/} along the /-axis: 


{2} =[1, 0], 


and any value of time is represented by a vector 


Particularly annoying were references to the various 
dimensions (lengths in different directions) of models and 
their relation to the dimensions of the prototype device, 
also references to the dimensionality of dimension-space 
(with 1, m, t as fundamental dimensions, we have a 3- 
dimensional dimension-space). Of course, the word dimen- 
sions could be enclosed in quotation marks whenever it 
occurs with a special meaning. This has not been done in 
the present paper. The only satisfactory solution seems 
to be the introduction of a new word in place of dimensions. 
For this word, we select zdon. 
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along the ¢-axis: 
{t} =¢[0, 1]. 


A specific velocity is an idon vector” in another 
direction (Fig. 1): 


{v} =v(1, on 1], 


while a definite acceleration is 
{a} =a[1, —2]. 


Evidently each species of physical quantity is 
associated with a definite direction in idon space. 
This direction is specified by the designation 
symbol [a', a*, ---a*] which represents a base 
vector a‘ with one end fixed at the origin. 
Changing the magnitude A of a physical quantity 
merely stretches the {A }-vector in the direction 
determined by the base vector a’. 

Since the length of the vector {A} is always 
given by A, irrespective of what coordinates the 
base vector may have, a‘ evidently acts as a 
unit vector. Note, however, that unit vectors in 
different directions cannot be compared. For 
instance, the base vectors [1, —1] and [1, —2] 
of Fig. 1 do not look like unit vectors, but they 
are unit vectors. The difficulty disappears when 
one realizes that idon space is not euclidean but 
is an affine space. Idon space has no metric, and 
angles in this space have no absolute significance. 


V. Algebra 


The algebra of idons may be summarized as 
follows: 


(1) Addition. Given two idons, 
{A}=Aa‘ {B} = Bb‘. 


Then addition is defined only if {A} and {B} are 
collinear.!* If this condition is satisfied, 


{A}+{B}=(A+B)ai‘=(A+B)bi. (4) 


Subtraction is included as a special case of Eq. 
(4). Addition is commutative and associative. 

(2) Multiplication by a scalar. Given an idon 
{A} and a scalar k, then the product is 


k{A} =kAa'. 


and 


(5) 


12 Qne must, of course, distinguish between a vector in 
idon space and a vector in the euclidean space in which the 
physical phenomena take place. If the physical quantities 
are vectors or tensors, we consider only their magnitudes. 
This procedure introduces no limitations on the generality 
of idon theory. 

48 The principle of dimensional homogeneity. 
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Multiplication by a scalar is commutative: 
k{A}={A}k. 

(3) Multiplication. The product of two idons 
is defined as 


{C} = {A}{B} =AB[a‘+5‘], (6) 


where the base vector of {C} is obtained by 
adding the coordinates of the base vectors for 
‘A} and {B}. Multiplication is commutative 
and associative, and is distributive with respect 
to addition. 

(4) Division. The quotient of two idons is 


pate rang 7 
“By Be J. (7) 


These four operations are the only ones in idon 
theory. They are called allowable operations. An 
idon can be raised to an integer power by 
repeated use of Eq. (6), and a natural extension 
to non-integer powers results in the equation, 


{A}7=A[ya‘]. (8) 


Note that the operations are similar (though not 
identical) with the familiar operations on com- 
plex numbers in polar form. 


VI. The tl Theorem 


Since there are only four allowable operations 
in idon theory, the most general idonic equation 
is of the form, 


EKA (BI {WJ=0, 0) 


where K; are scalar coefficients, which may be 
transcendental functions of idonic scalars. Ex- 
amination of the equations of physics shows that 
all of them can be written in this form. If 
transcendental functions occur in physical equa- 
tions, the arguments of these functions can 
always be written as idonic scalars (dimension- 
less quantities) ; and if the argument of a function 
is an idonic vector (quantity having dimensions) 
the function can be at most only a power func- 
tion. Thus Eg. (9) represents the most general 
equation of physics. 

Sometimes it is convenient to express the most 
general equation of physics in an alternative 
form, First Eq. (9) is divided by one of the 


terms, to obtain an expression of the form, 
DkifA}n{B}v---{Nj+1=0. — (10) 


Since addition is allowable only for quantities 
having the same designation symbols, and since 
1 is an idonic scalar, all other terms must 
likewise be idonic scalars (dimensionless quanti- 
ties). Therefore any equation of physics may be 


expressed in terms of idonic scalars having the 
form, 


T;= {A} {Byes -- {Nj (11) 


where i=1, 2, ---&. The equation may contain 
any functions of these products, so the most 
general equation of physics may be written, 


g(II1, Te, - - - Im) =0. (12) 


This is the II theorem, first stated by Vaschy" in 
1896 and later by Riabouchinsky (1911). 


VII. Utility of Idon Theory 


Idon theory is useful in six definite ways: 

(a) Designation of physical concepts. Each 
concept is specified by a designation symbol 
[a', a?, ---a*] which may be represented geo- 
metrically as a base vector a‘ in a k-dimensional 
affine space. 

(b) Derivation of equations in terms of idonic 
scalars II, for physical problems that are so 
involved that detailed analysis is impracticable 
(see reference 9). 

(c) Model theory based on the use of idonic 
scalars II. 

(d) Change from one system of units to an- 
other. In idon theory, this change is effected by 
a transformation of the A’s, the base vectors 
being unchanged. : 

(e) Transformation of axes in idon space corre- 
sponding to a change in fundamental concepts. 
This change is effected by an ordinary affine 


transformation of the base vectors, 


a” =A;"a'. (13) 


(f) Checking of equations. Each term of an 
equation of physics must have the same base 


4 A. Vaschy, Théorie de l’électricité (Paris, 1896), p. 13; 
D. Riabouchinsky, ‘‘Méthode des variables de dimension 
zéro et son application en aérodynamique,” L’Aérophile 
19, 407 (1911), 
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vector.!® This is a necessary but not a sufficient 
condition for the validity of the equation. 

These six applications are all handled by idon 
theory as straightforward results of the methods 
of affine geometry. The primary emphasis is on 
(a) the designation of physical concepts, from 
which the other applications follow as a matter 
of course. The only place where units enter is in 
(d), which is the rather trivial case of a transfor- 
mation of scales along the coordinate axes. It 
would seem that the association of dimensions 
with units rather than with concepts is an old- 
fashioned idea, promulgated by those whose 
chief use of dimensions was in changing from 
one system of units to another. The other five 
applications, however, are more important than 
(d) and they can be expressed most simply and 
precisely on the postulate that designation 
symbols (dimensions) are associated with phys- 
ical concepts. 


VIII. Comparison 


We now compare the idonic idea with some 
statements on dimensions from the papers of 
Birge.* On p. 102 of the American Journal of 


Physics, vol. 3 (1935), he says, 


Physical units are divided into two classes, fundamental 
or primary units, and derived or secondary units. Most of 
the difficulties experienced in this subject are connected 
with the various possible ways that have been used, or 
may be used, to obtain derived units. I shall start, however, 
with a brief discussion of fundamental units. 

A fundamental unit is distinguished by the fact that it 
is entirely independent of all other units, in respect to both 
its magnitude and to its dimension or dimensions. It is 
customary to assign to each fundamental unit a specific 
dimension. Thus the unit of length is said to have the 
dimension of length. Because, however, of the arbitrary 
character of dimensions, as presented so ably by Bridgman, 
the choice and number of fundamental units are arbitrary. 


The word “‘unit” has been printed in bold-face 
type every time it occurs, to indicate that we 
would replace it by concept in each case. With 
such a change, the Birge quotation becomes an 
admirable statement of the views expressed in 
the present paper. On p. 103, however, Birge 
employs the word ‘‘unit’”’ with respect to the 


18Tt is, of course, possible to manufacture artificial 
equations that are not idonically homogeneous. But every 
equation of physics can be written in homogeneous form, 
provided that a 1:1 correspondence exists between designa- 
tion symbols and the concepts used in the equation. 


AnD @. E. 


SPENCER 


establishment of cgs standards. Thus, according 
to our viewpoint, Birge’s use of the word is 
somewhat ambiguous. Of course, either way is 
permissible, the question being merely one of 
utility. 

On p. 105, Birge says, 


Since angle is the ratio of two lengths, its uit is neces- 
sarily dimensionless. Thus it is possible to have more than 
one dimensionless unit for certain quantities by the simple 
artifice of using simultaneously units of different magnitude 
for the same sort of primary quantity (in this case /ength) 
in the defining equation. 


We would say that designation symbols 
(dimensions) are not associated with the unit at 
all but with the concept. The physical quantity, 
angle, may be written 


{6} =eL—1, +1] 


where the first coordinate of the base vector 
refers® to radial length /, and the second refers 
to tangential length /,. In this way, angle is a 
vector in idon space, not a scalar, and the 
designation symbols for energy and torque are 
distinct. Thus we differ from Birge’s statement 
in three particulars: (a) Dimensions are not 
associated with units, (b) the concept of angle*® 
does have dimensions, (c) the use of different 
units for 7, and J; has nothing to do with dimen- 
sions. 

On p. 105, Birge considers the concept of 
density, as defined by the equation, 


d=m/V: 


The dimensions of d are necessarily those of the unit, 
and it is to the unit, not to the physical quantity, that one 
assigns a dimension or dimensions . . . one chooses pri- 
mary and derived units but not primary and derived 
quantities. 


On the contrary, we write the complete 
equation corresponding to the above as 


{d} = {m}/{V} =m/VL—3, 1, 0] 


if 1, m, t are taken as primary concepts. Ob- 
viously, this equation holds as a definition of 
the concept of density, irrespective of the units 
that may be employed. 

In common with some philosophers, Birge® 
says (p. 105), “‘Every equation used in science 
. . . givesa relation between numerical measures 
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of certain quantities, not between the physical 
quantities themselves.” As indicated previously, 
this statement is true in a sense, but it gives a 
very superficial view of the subject. Bridgman 
points out in The Logic of Modern Physics‘ that 
the equation is nothing when divorced from its 
explanatory text. We have shown how some of 
the text can be incorporated into the complete 
equation by representing physical quantities by 
idons. 

We conclude with a few quotations indicating 
the failure of the usual dimension theory as a 
method of designating concepts. On p. 106, 
Birge*® says, “‘Bridgman’s theory of dimensions 
stresses the fact that the dimensions of a unit 
give us no information about the intrinsic nature 
of the physical quantity of which it is a unit.” 

From p. 179, we quote: 


. the intrinsic character of a physical quantity has 
no necessary connection with the dimensions assigned to 
the unit of that quantity. This is the central theme of the 
present paper, and of the work of Bridgman, Planck, H. 
Abraham, and other writers. The I.E.C. seems to favor 
the theory of the absolute character of dimensions. Having 
voted that B and H were of different physical character, 
the I.E.C. apparently assumed, without further debate, 
that they therefore necessarily had different dimensions. 


From the same page, 


If the entire scientific world could only realize clearly 
that the character of a physical quantity is a matter of 
philosophy, while the assigned dimensions of a unit are 
a matter of mere convention having only arithmetic 
significance, unending and utterly fruitless controversies 
would be avoided. 


As we understand these quotations, they can 
be summarized by saying that there is no 
necessary connection between designation sym- 
bols (dimensions) and physical quantities. Since 
the choice of primary concepts is arbitrary, 
this statement is a truism. But a fundamental 
aim of the method should be to so choose the 
designation symbols that, for a given set of 
primary concepts, there is a 1:1 correspondence 
between concept and symbol. When this desider- 
atum is realized, the source of complaints, that 
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“dimensions give no information about the 
nature of the physical quantity,” is eliminated. 


IX. Conclusions 


The thesis of this paper is that dimensions are 
associated with concepts, not with units. Bouasse!® 
says, ‘‘the collection of stupidities formulated in 
connection with dimensions truly exceeds the 
limit of what is reasonably allowable.” The 
association of dimensions with units is not a 
stupidity.!” It is not incorrect, but also it is not 
as useful as the modern treatment. 

There are six principal applications of idon 
theory (dimensions), all of which are handled 
effectively and surely by the modern treatment 
and somewhat precariously by the older methods. 
In particular, the change of units, which is 
emphasized in the usual treatments, becomes 
merely a trivial case of coordinate transformation 
by the new method. 

The modern approach utilizes an extension of 
the usual equation of physics. A physical quan- 
tity is represented by a vector in a k-dimensional 
affine space. The magnitude of the quantity is 
represented by the length of the vector, while 
the species of physical quantity is specified by a 
base vector whose coordinates determine the 
direction of the vector in idon space. Such a 
treatment tends to purge the subject of much 
of its former vagueness and gives a geometric 
picture that aids in the visualization of idonic 
problems. 

In conclusion, we sincerely thank those who 
have read and commented on previous drafts of 
this paper: R. T. Birge, P. W. Bridgman, Royal 
M. Frye, J. C. Hunsaker, Phillippe Le Corbeiller, 
V. F. Lenzen, Duane Roller, J. A. Stratton, and 
Dirk J. Struik. 

16H. Bouasse, Cours de magnétisme et d’électricité 
(Paris, 1914), Vol. I, p. 420. 

17 Other examples of the conventional treatment are H. 
Abraham, ‘“‘A propos des unités magnétiques,’”’ Nat. Res. 
Council, Bulletin, 93, 8 (1933); J. Wallot, ‘Zur Theorie 
der Dimensionen,” Zs. f. Physik 10, 329 (1922); V. F. 
Lenzen, ‘‘The meaning of dimensions,” Am. J. Physics 9, 
245 (1941); J. C. Hunsaker, ‘‘Dimensional analysis and 


similitude in mechanics’”’ (in Theodore von Kdrmdn anni- 
versary volume, Pasadena, 1941). 





Lecture Demonstration of Longitudinal Waves 
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FIRST step in one method of deriving the 
equation 


U=(E/p)} (1) 


for the velocity of plane longitudinal waves is a 
proof of the equation 


u/U=—AV/V, (2) 


where u is the velocity of any layer of the 
material, U is the velocity of the waves, and 
AV/V is the change in volume per unit of 
original volume, or the strain, at that layer. 
This relation holds throughout the wave train. 
If the wave velocity U can be qualified as 
positive when, for example, it is directed away 
from an origin and toward the right, and negative 
when directed toward the left, then Eq. (2) 
holds for waves traveling in either direction. 
The apparatus to be described makes possible a 
very easy proof of Eq. (2). 

Figure 1 shows 30 wood disks some 4 in. in 
diameter and 7 in. thick, that slide easily on a 
wooden rod about 3 feet long. These and other 
numerical dimensions are not important. There 
are two small screws at the ends of a diameter in 
the edge of each disk, and similar wire links, 
made out of paper clips, tie each disk to its two 
neighbors, so that they can be pushed into 
contact, forming a solid column, or pulled apart 
so as to form an open row with the disks equally 
spaced and about ? in. apart. The demonstrator 
starts with the open row (Fig. 1(a)), and takes 
the left end disk in one hand, sliding it uniformly 
along the rod so as to gather disk after disk into 
a solid column (Fig. 1(b)). As this goes on he 
points with the other hand, as indicated, to the 
front end of the solid column, where new con- 
tacts are taking place, and emphasizes the two 
different velocities involved. The pushing hand 
and the moving material have the velocity u; 
the end of the solid column, which is seen to be 
advancing through the row as disk after disk is 
collected, has the greater velocity U. Here u 
and U are in the same direction. 

If the thickness of any disk is denoted by @ 
and the free space between is }, then it is obvious 


that as the actual wood advances a distance } 
the head of the solid column collects one more 
disk and moves forward the distance a+), so 
that 


u/U=b/(a+b). (3) 


Now, 0 is the space closed up as the column 
solidifies and a+0 is the corresponding space 
originally occupied. Hence 


b/(a+b) 


= (change in volume)/(original volume). (4) 


Here a and 3b are taken as positive numbers, and 
there results, from Eqs. (3) and (4), 


u/U=—AV/V, 


a result identical with ‘Eq. (2). 

One advantage in having the disks connected 
by similar links is that, with the disks all in 
contact, it is easy to distribute them into a 
uniform open row, as they should be when the 
demonstration begins. However, a second and 
more important advantage is that with these 
connections the experiment can be done in 
reverse, so as to illustrate the progress of a 
rarefaction. As in Fig. 1(c), the demonstration is 
started with a solid column. Taking the left end 
disk in one hand the operator draws it away 
from the rest, and a rarefaction is seen to advance 
into the compact row (Fig. 1(d)). He points to 
the end of the open column, which has the mean 
velocity U, while the moving wood and the 
pulling hand have the velocity u, pointing out 
that u and U are now opposite, U toward the 
right and u toward the left. Here while the wood 
moves a distance b, the surface separating com- 
pact from open formations moves only the 
distance a. But as before, 


b/a=(change in volume)/(original volume). (5) 


We take a and 3b as positive numbers and the 
change in volume is an increase, so that AV is 
positive, but since u is now opposite to U we 
have, as before, 


u/U=—AV/V. 
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Hence, Eq. (2) holds as a condensation advances 
into an open column, and also as a rarefaction 
advances into a compact column. 

Half of this demonstration can be performed 
with equipment still simpler. One distributes 
similar two-inch washers uniformly along a hori- 
zontal rod. Then, grasping the end washer he 
pushes it along and gathers the others one after 
another into a solid moving column. This 
demonstrates the advance of a condensation, and 
the quantitative relation is obvious, but time is 
required in order to redistribute the washers, 
and one cannot reverse, so that the connected 
disks are decidedly better. They work both ways. 

A student inclined to complain might raise an 
objection to the disk experiment, saying that it 
showed only one velocity u for the moving 
material, instead of a different velocity for each 
layer, as in an actual wave, where, moreover, 
the velocity of each layer is variable. It can be 
replied that the disk outfit gives a magnified 
slow-motion picture of what happens momen- 
tarily in an actual harmonic wave train. For we 
have taken any minute displacement of a piston 
generating real longitudinal waves, and con- 
tinued it at constant velocity in time and space, 
so that our slow perceptions can observe the 
essentials of the process. The strain AV/V is not 
the same everywhere in harmonic waves, as it is 
in the solid column of disks, but the actual 
strain anywhere along the real wave train is 
related to velocity where that particular strain 
is, as shown by Eq. (2). What, indeed, may one 
ask of a lecture experiment if not that it should 
clear away nonessentials and reveal important 
things, such as Eq. (2), in simplicity? 

If we preserve the left end of the open row as 
origin of the x coordinate, but begin the collecting 
process at the right end we can think of Uasa 
negative velocity, and then, when wu is negative 
also a condensation advances into the open row 
and AV is negative, so that, as before, 


u/U=—AV/V. 


Similarly, when a rarefaction moves through the 
compact column toward the origin, u is positive 
and U negative but the change in volume is an 
increase so that the same relation holds, and 
u/U=-—AV/V in any case. The general principle 
is that wu and U are in the same direction'in a 
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condensation, opposite in a rarefaction. This 
fact, naturally, is independent of the direction 


arbitrarily adopted as positive along a coordinate 
axis. 


(a) Starting 


(b) The Compression 


a 


(c) Starting 


(d) The Rarefaction 


Fic. 1. Apparatus for demonstrating longitudinal waves, 
showing: (a) disks uniformly spaced at start of compres- 
sion; (b) during the compression two velocities « and U 
are apparent; (c) disks in contact at the start of rare- 
faction; (d) during the rarefaction velocities u and U are 
in opposite directions. 
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There are several ways to complete the proof 
of Eq. (1) after Eq. (2) is established! but 
perhaps the simplest is to use Newton’s second 
law. While a condensation is advancing into the 
open column (of cross section A) the mass of the 
moving material is increasing at the rate ApU, 
in grams per second, for example, and the 
momentum is increasing at the rate R where 


R=ApUu. (6) 


However, the force required to produce this rate 
of increase is AAP, where AP is the excess 
pressure in this condensation, over and above 
the normal pressure in the undisturbed material. 
Hence, by the second law of motion 


AAP=ApUu=ApU’u/U, (7) 


AP =pUu/U. (8) 


But we have just seen that u/U is —s, where s 
is the strain corresponding to the stress AP. If 
the coefficient of elasticity appropriate to the 
process involved is the positive constant E, 


E=-—AP/s=pU’. (9) 
Hence 
U=(E/p)}, 


which was to be proved. 

We can readily describe the motion of the 
disks in the general manner appropriate to any 
kind of waves. To begin, let us agree that by 
saying that a quantity represented by a letter is 
positive, we mean that a positive number must 
be substituted for that letter in numerical calcu- 
lation, and a negative number for it if it is 
negative. We take the positive x coordinate as 
the axis of the disks and the origin at the initial 
position of the left end disk. At the time ¢=0 
we begin to move that disk toward the right 
with the constant velocity u. Then at any time 


t the displacement of the first disk is yo and 


At any x farther along the row the displacement 
at the same time ¢ is yz and 


Y2=u(t—x/U). (11) 


Here we are supposing that ¢ is greater than x/U 


1W. W. Sleator, ‘‘Proofs of the equation U=(E/p)! for 
the velocity of sound,” Am. J. Physics 17, 51 (1949). 
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so that the disk ‘at x is among those already 
picked up and in motion at the time ¢. This 
means that the disk at x began to move after 
the first was started, that is x/U later. Here U, 
being toward the right, is positive. Then 


dy,/dx = —u/U. (12) 


In case u is positive there is a condensation in 
the row because, of two disks, the one nearer the 
origin began to move first, and has moved 
farther than the other, so that any two disks are 
closer together than they were in the original 
open column. In other words 


dy,/dx =strain=AV/V, (13) 


and since AV/V= —u/U, and both u and U are 
positive, AV is negative and the strain is a 
condensation. The case where u is negative, 
treated in the same way, yields a rarefaction in 
the column. 

If U is negative, the change is moving toward 
the origin. Let the disk at x =0 begin to move at 
t=0 so that 


Yo = ut. (14) 


Then at the same time ¢ the displacement of a 
disk originally at x is yz, and yz is what the 
displacement at x=0 will be at a time ?¢’ later 
than ¢, so that, at x and ¢, 


ye=ultt+?’). (15) 


Here ¢’ is a positive interval or increment of 
time, and x is positive, so that t’/=—x/U. 
Therefore 


Y2=u(t—x/U). (16) 


Hence as before 


dy,/dx = —u/ U. (17) 


All special cases conform to the general principle: 
in a condensation u and U are in the same 
direction, in a rarefaction they are opposite. 

It is obvious that, using partial derivatives, 
u=dy/dt, and Eq. (2) may be written 


U= — (dy/dt)/(dy/dx). (18) 


Lindsay”? has pointed out that this equation is 
not a general differential equation of wave 
motion, for, he says, ‘‘It holds only for a wave in 
the positive x direction.” It is evident that the 


2 R. B. Lindsay, General physics (Wiley, 1940), p. 388. 
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distinction indicated by the plus and minus 
signs is not adequate to distinguish one from 
another the innumerable different directions in 
which waves can be propagated in space, and 
when one deals with waves in three dimensions, 
it is convenient to regard the wave velocity U 
as a universal positive constant. In the same 
way, in our evaluation of the trigonometric 
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functions of angles terminating in different 
quadrants, we regard the radius, or hypotenuse 
of the triangle, as universally positive. But while 
we are dealing with plane waves and are at 
liberty to choose an x axis as the axis of propa- 
gation, normal to the wave fronts, Eq. (18) 
shows no lack of generality. The reversal of both 
velocities does not change the sign of the strain. 


What About Friction? 


FREDERIC PALMER 
The Franklin Institute Laboratories for Research and Development, Philadelphia, Pennsylvania 


HIS article presents a brief resumé of the 

present status of sliding friction obtained 
from a digest of more than 350 references to the 
literature.* The most important phenomena only 
are treated, some of which form the basis of 
experimental work now in progress at the labo- 
ratories of the Franklin Institute, Philadelphia. 
The subject matter is divided as follows: 


Part I 


The classical laws of friction are stated and various 
quotations from the works of Leonardo da Vinci, Amon- 
tons, Coulomb, Euler, Morin, and Bikerman are given to 
show how the laws were derived and to what extent they 
are valid. 


Part II 


The molecular theory of friction, as expounded by 
Bowden and his associates, is described and discussed. 
Photographic evidence is presented of the exisfence of the 
area of actual contact, the welding of copper to steel 
during dry sliding, and the plowing of the softer surface 
by the harder. 

The dependence of friction on velocity is discussed and 
applied to the phenomenon of stick-slip. 


Part III 


The electrical theory of friction is discussed and an 
attempt is made to explain the action of the high speed 
friction saw. Some photographic evidence is presented. 

The dependence of friction upon the presence of an 
adsorbed oxide layer is discussed together with a few facts 
about lubrication. 

The present state of our knowledge of friction is briefly 
summarized. 


* The author is indebted to Rita A. Erickson for col- 
lecting the references to the literature and summarizing 
many of the papers. , 


PART I 
Classical Laws 
1. Introduction 


Every student when studying college physics 
for the first time comes to regard the subject of 
friction with mixed feelings. He finds that the 
motion of one surface over another is always 
opposed by a force due to friction irrespective of 
the direction of movement, hence the efficiency 
of any mechanical device is reduced because of 
the friction of its moving parts. Corrections have 
to be applied in order to make calculated results 
agree with experience. This is a nuisance. Yet, 
without friction, he finds that nails, screws, and 
moving belts would be useless; trains and auto- 
mobiles could not start, but if going, could not 
stop without a smashup; and his own ability to 
walk to his classroom would be lost. Thus, 
whether friction plays the part of devil or of 
angel, it exercises an influence upon everything 
that moves; it springs into action the instant a 
sliding force is applied; it may prevent motion 
that would otherwise occur (as when a body is at 
rest upon a plane inclined to the horizontal at a 
small angle). 

The student learns further that (1) the force 
of static friction is greater than that of kinetic 
friction which, in turn, is greater than that of 
rolling friction; (2) the force of kinetic friction 
can be reduced by polishing and by lubricating 
the surfaces in contact; (3) the rubbing of one 
surface over another produces wear; (4) the 
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cause of friction is the intermeshing of micro- 
scopic surface roughnesses; (5) the “laws” of 
sliding friction (as customarily cited in text- 
books) may be summarized as follows: 


1. Frictional force is directly proportional to 
load, that is, to the total force which acts 
normal to the sliding surface. 

. Frictional force for a constant load is inde- 
pendent of the area of contact. 

. Frictional force is independent of the veloc- 
ity of sliding. 

. Frictional force depends upon the nature of 
the materials in contact. 


Further than this most students do not go; 
first, because of a lack of interest since friction is 
not an exciting topic full of fireworks, like 
atomic energy; second, because, even with the 
requisite interest, an inquiring student will be 
discouraged to find the answers to his questions 
scattered through the literature rather than 
brought together in easily available form. 

What authority have we for the so-called 
‘“‘laws’’ of friction? What apparatus was used in 
carrying out the basic experiments? How accu- 
rate were the measurements? What deviations 
from these ‘“‘laws’’ are now known? What alter- 
native theories as to the nature of friction have 
been proposed? What theory is generally ac- 
cepted today? 

Such questions deserve straightforward, care- 
fully prepared answers which the instructor in 
college physics cannot give without knowledge 
previously acquired as the result of a special 
interest of his own in friction. In what follows, 
it is proposed to supply at least partial answers 
to some of these questions, and to provide a 
short bibliography to be consulted by those who 
wish to carry their inquiry back to the original 
sources. 


2. The ‘‘Laws’”’ of Friction 


a. Amontons.\—In presenting his paper entitled 
“De la Resistance Causée Dans les Machines” 
before the Royal Academy of Sciences in 1699, 
Guillaume Amontons said, in part: 

“Indeed of all the authors who have written 


1G. Amontons, ‘‘De la Resistance Causée Dans les 
Machines,” Mémoires de Académie Roy. Sci. de Paris 
(1699), p. 206. 
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of the unstable forces, there is perhaps not one 
who has paid sufficient attention to the effect of 
friction in machines, and of the resistance caused 
by the stiffness of ropes, nor who has given us 
the rules for understanding the one and the 
other, and for reducing them to calculation; 
although indeed that understanding may not be 
as necessary for passing judgement on the action 
of a machine as is that of the different relations 
of the parts which compose it, yet, it is only too 
true that the lack of such an understanding of 
the resistance caused by friction and by the 
stiffness of the ropes is almost always in ma- 
chines, a danger much more to be feared than 
its size, which, up to the present, has been 
unknown.” 

With the modesty characteristic of a true 
scientist, Amontons went on to describe the first 
experiments on the measurement of frictional 
resistance ever to be brought before an audience 
of professional men. His apparatus was simple 
and crude. A spring bore vertically down upon 
a block capable of sliding horizontally on a plane 
surface. A spring balance measured the horizontal 
force necessary to make the block move. The 
materials of the sliding surfaces were varied 
(iron, copper, lead, wood), as was their area. 

Amontons concluded that the resistance caused 
by friction (1) is proportional to the force (load) 
with which the upper surface presses against the 
lower; (2) for the different materials used, is 
approximately 4 of that force (u=4); and (3) is 
independent of the area of contact. He found 
that when the surfaces were greased the resis- 
tance is independent of the nature of the surfaces; 
and he believed that the resistance depends upon 
the velocity of movement. Thus the first two 
of the so-called ‘‘classical’’ laws of friction were 
stated for the first time publicly by Amontons 
in much the same terms as they are today. 
He proceeded to theorize as to the nature of 
friction as follows: 

“Now if we consider carefully the nature of 
friction, we find that it is merely the action by 
which a body that is pressed against another is 
moved on the surface of that which it touches, 
and that as the surfaces which rub against each 
other cannot be considered either as rough and 
uneven or as perfectly smooth, it is not impos- 
sible in the first case that these unevennesses 
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may have convex parts and concave parts, and 
that the former enter into the latter which 
produces a certain resistance when one wishes to 
make them move, since for lifting them there is 
needed as much force as that which presses one 
upon the other, and that the action of the 
unevennesses . . . is the same as that of the 
inclined plane used in raising a load, hence it 
follows that the greater the pressure, the more 
considerable is the resistance to movement.” 
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Amontons does not distinguish between static 
friction and kinetic friction, and does not appear 
to see the significance of the angle of the inclined 
plane, mentioned above, as we now recognize it 
in the “angle of repose.” He was, like the rest of 
the world, unaware that nearly two hundred 
years earlier the same basic principles had been 
recorded in the notebooks of Leonardo da Vinci. 

b. Leonardo da Vinct.2*—Da Vinci's notebooks 
contain, among others, the following items: 


con preg Te ee mote ep 


eens age 


> After 
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Fic. 1. Da Vinci’s drawings illustrating his experiments on friction. Reproduced from the Codice Atlantico 
exactly as they appear in his notebook. 


2L. da Vinci, The notebooks of Leonardo da Vinci (compiled by E. MacCurdy, Reynal and Hitchcock, 1938). 
*L.. da Vinci, Il Codice Atlantico; Herausg. von ho Accademia dei Lincei (1508). Quoted by G. Vogelpohl, Oel 


und Kohle 36, 89-93 and 129-143 (1940). 
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(1) Frictional resistance is proportional to roughness. 

(2) Frictional resistance is doubled when the load is 
doubled. 

(3) “The friction made by the same weight will be of 
equal resistance at the beginning of its movement although 
the contact may be of different breadths or lengths.” 

(4) “In friction, every body resists with } of its weight, 
assuming a suitable plane with a polished surface.” 

(5) ‘‘When the inclination of the polished plane enables 
the body to act with } of its weight in the direction of 
motion, the body is in itself inclined to move downward.” 


Item (3) is well illustrated by his drawing 
(Fig. 1) which shows that the same force is 
required to pull a brick-shaped block along a 
horizontal plane irrespective of whether it lies 
on its back, on its side, or stands on end. The 
drawings of a block on an inclined plane make 
it evident that da Vinci had a clear idea of the 
angle of repose and that he probably determined 
the coefficient of friction as } by this means. 

The significance of the angle of repose was 
rediscovered by Antoine Parent! in 1704, and 
further elaborated by the great mathematician, 
Leonhard Euler® (1748) into the form and nota- 
tion which now appears in our textbooks. The 
latter also says: ‘‘Everyone is agreed that friction 
depends upon load only and not upon the extent 
or shape of the surfaces. One would think that, 
since friction is caused by asperities, the larger 
the surfaces, the greater the friction because 
there would be more asperities, but this is not 
the case.” He states that the force of static 
friction is greater than that of kinetic, and gives 
an equation for each in terms of the angle of 
repose. 

c. Charles Augustin Coulomb.°—The paper, 
entitled ‘“Théorie des Machines Simples, en 
Ayant Egard au Frottement de Leur Parties, et 
a la Roideur des Cordages,’’ which the great 
physicist, Coulomb, presented before the Royal 
Academy of Sciences in 1785, is notable for the 
following findings: 

(1) determinations of the factors that control the force 


of static friction as distinct from those that control that 
of kinetic friction; 


4A. Parent, ““Mémoire qui Contient tout ce qui se fait 
sur les Plans Inclinés,”” Mem. de l’Acad. Roy. Sci. de Paris 
(1704), p. 173. 

5L. Euler, “Sur le Frottement des Corps Solides,’’ 
Histoire de l’Acad. Roy. Sci. et Belles Lettres (Berlin 1750), 
p. 122. 

6 C. A. Coulomb, ‘‘Théorie des Machines Simples, En 
Ayant Egard au Frottement de Leur Parties, et a la 
Roideur des Cordages,”” Mem. de l’'Acad. Roy. Sci. 10, 
161-332 (1785). . 
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(2) in both cases, Amontons’ laws concerning load and 
contact area (Laws 1 and 2) are valid over the range tested; 
(3) in both cases, the force of friction depends upon the 


nature of the materials in contact and their coatings 
(Law 4); 

(4) the force of static friction depends upon the length 
of time during which the surfaces have been in contact; 

(5) the force of kinetic friction is independent of the 
velocity (Law 3); 

(6) at least part of the frictional force may be ascribed 
to cohesion of the molecules at the sliding surfaces. 


The last suggestion turns out to be a very 
important one in the light of modern research 
(Sec. 5). Yet Coulomb summed up the results 
of his experiments as follows: 

“The friction can come only from the engage- 
ment of the asperities of the surfaces, and the 
cohesion should influence it only a little.” 

His argument is that cohesion should depend 
upon the number of surface contact points (area); 
but since frictional force is independent of area 
over a wide range it is also independent of 
cohesion. This conclusion is then qualified thus: 

‘‘We find, however, that cohesion is not abso- 
lutely zero . . . in practice the resistance offered 
by cohesion can be neglected unless each square 
foot is loaded by more than 1 quintal’’ (100 Ib). 

Coulomb’s ideas on the mechanism of friction 
are similar to those of Amontons. Friction is due 
to asperities. One piece of polished wood sliding 
over another is like one hairbrush moving over 
another; the bristles, or fibers, bend elastically 
so that they touch without disengaging. Actual 
disengaging requires the application of a force 
proportional to the load. When lubricated with 
tallow, the fibers stick together and so lose a 
part of their elasticity thus lowering the resis- 
tance to motion of the wood. 

Since Law 3, that frictional force is independ- 
ent of the velocity, came to be accepted largely 
on the authority of Coulomb, it is worth while to 
know just what he said about it, though it must 
be admitted his statements are somewhat con- 
fusing: 

“‘When the surfaces are large relative to the 
load, then the friction appears to increase with 
the speed. But when the surfaces are very small 
relative to the load, the friction diminishes in 
proportion as the speed increases . . . it appears 
that in every practical case one can regard the 
friction as independent of the speed.’’ (Sec. 42 
of Coulomb’s paper.) 
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He then confirms the last conclusion by show- 
ing that the ratio of load to frictional force 
remains sensibly constant as the sled in his 
apparatus is accelerated by a falling weight. 

Nevertheless, he continues to record observa- 
tions which indicate that the frictional force does 
vary with speed. If the surfaces are unlubricated, 
frictional force increases with speed in the case 
of (a) elm on elm (velvety to the touch) at low 
pressures, (b) wood on metals, (c) iron on oak, 
(d) copper on oak (along the grain) where friction 
increases in arithmetical progression as speed ni- 
creases in geometrical progression. (Secs. 51-60.) 

If the surfaces are lubricated with tallow, the 
friction of metals sliding on wood increases with 
speed (Sec. 72), but if metals slide on other 
metals, the friction at large loads decreases with 
increase of speed (Secs. 88-92). 

Finally, in his Essay on the Theory of Friction 
(Sec. 95 (4)), Coulomb sums up his observations 
as follows: 

“It is not always that, with wood sliding 
without lubrication on wood and with metals 
sliding on metals, the speed has only slight 
influence upon the friction; but here (Secs. 55 
following) the friction increases very sensibly in 
proportion as the speed is increased.” 

We must conclude then that Coulomb believed 
in the dependence of friction upon velocity, in 
spite of the fact that his range was limited to 
that near the beginning and that near the end 
of a 6-ft track along which his sled moved with 
uniform acceleration (corrected for rotation of 
the pulley over which the string passed). The 
accuracy of timing necessary to determine 
whether or not the acceleration of the sled was 
truly uniform was beyond the capability of 
Coulomb’s apparatus; hence, it is probably 
justifiable to conclude that a dependence of 
friction upon velocity is not proved by his experi- 
ments, and Law 3 must be considered valid. 
This, at least, must have been the viewpoint of 
scientific authorities during the next fifty years, 
until the careful work of Morin established Law 
3 on a firmer foundation. 

d. Arthur Morin.7—In December, 1831, Morin 
described before the Royal Academy of Sciences, 
the first experiments of a series on friction carried 


7A. Morin, ‘Nouvelles Expériences sur le Frottement,”’ 
Inst. de France Acad. Roy. des Sci. (1831-1834). 


185 


out by him over a period of four years. His 
paper, entitled ‘‘Nouvelles Expériences sur le 
Frottement,’”’ was referred to a committee of 
brilliant men—Poisson, mathematician; Arago, 
astronomer and physicist; Navier, mechanical 
engineer—for appraisal, and they made their 
very laudatory report at the meeting in March, 
1832. This report contains the following para- 
graphs: 

“The method of observation employed by 
Coulomb consisted of making one body slide 
horizontally over another by means of a weight 
suspended by a string passing over a pulley. The 
speed of movement was estimated from the time 
taken by the slider to traverse the two halves of 
a 6-ft length, and often the same with only a 
4-ft length. 

“The results presented in each series of experi- 
ments are neither numerous enough nor of suffi- 
cient uniformity to give complete certainty to 
the conclusions. 

“Such as they are, they have, nevertheless, 
permitted their author to state the general laws 
of the phenomenon, which consist principally as 
follows: that the frictional resistance of solid 
bodies is proportional to the pressure exerted by 
one body upon another and independent of the 
extent of the surfaces in contact and of the speed 
of movement. 

“It appears also, in consequence of the new 
observations (of Morin), that these laws are 
more generally exact and less subject to some 
exceptions than Coulomb himself had thought.”’ 

These conclusions were the ones reached by 
Morin after summarizing the results of 631 
experiments carried out during his four years of 
work. He extended the range of load to 2,420 Ib 
(1100 kg), of surface area to 3.23 ft? (30 dm?) 
and of speed to 11.5 ft/sec (3.5 m/sec). His 
data are numerous and extraordinarily consis- 
tent. His observations are made with great care. 
Hence his conclusions carry conviction. It is to 
be regretted that his successors have accorded 
to him less recognition than his work deserves. 

Morin changed Coulomb’s crude apparatus 
into a precision instrument by increasing the 
length of the track to 13.1 ft (4m) and by 
devising accurate automatic recording instru- 
ments to measure the motive force applied to 
the sled at every instant of its travel, and the 
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nature of the motion which this force communi- 
cates to the sled. These instruments, a descrip- 
tion of which would be out of place here, were 
very ingenious and produced accurate records 
from which the desired magnitudes could be 
calculated. These beautiful records must be seen 
in the original paper in order that their perfection 
may be appreciated. 

With regard to Coulomb’s theory that resis- 
tance to sliding is caused by the bending of 
“molecular springs’ on the surfaces in contact, 
Morin remarks: “Coulomb, in comparing fric- 
tional resistance to that of two brushes whose 
bristles engage reciprocally, has been led to 
deduce the hypothesis that the friction of metals 
on wood ought to increase with speed; and he 
believes that he has observed this law in his 
experiments; however, all of our tests show, on 
the contrary, that in every case observed up to 
the present, the resistance is independent of the 
speed, although we have given to our sled speeds 
which have sometimes reached 3.5 meters per 
second or more. It is therefore necessary to 
abandon Coulomb’s theory.” The validity of 
Law 3 will be considered further in Sec. 9. 

Morin points out, also, that if the fibers behave 
like “molecular springs’’ which bend and are 
relaxed, the amplitude of their oscillations should 
increase with load; and if the number bent and 
relaxed in the same time increases with the 
speed, the vibrations should increase also with 
the speed. He therefore tested for the existence 
of oscillations which might be communicated to 
the track by observing the ripples on the surface 
of water in a dish placed on the track bed, and 
the modes of vibration of sand in a long tube 
parallel either to the length or to the width of 
the track. In no case were any such vibrations 
observed ; hence he concludes that if any vibra- 
tions are produced by sliding, they are not 
communicated to the support and cause no loss 
of energy due to friction; therefore frictional 
resistance must be attributed to some other cause. 


3. Action of Molecular Forces 


Coulomb’s theory that the physical cause of 
frictional phenomena is the “‘meshing of asperi- 
ties’”’ (Sec. 2c) leads us to infer that the smoother 
the sliding surface, the less should be its frictional 
resistance. That this reasoning is, in many cases, 
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borne out by experience is a matter of common 
knowledge; but what Coulomb did not suspect 
is that there is a limit to the smoothness beyond 
which further polishing increases friction,® since 
the more perfect the mating surfaces, the greater 
is the number of points of contact that lie within 
the range of the molecular forces that cause 
cohesion. 

In the same year, 1785, both S. Vince® in 
England, and Coulomb in France, suggested 
independently that molecular attraction may 
play an important role in causing frictional 
resistance to sliding motion. If that role were 
the principal one, they argued, friction should 
be proportional to the area of contact, which we 
have seen that it is not (Law 2), but if the 
meshing of roughnesses is predominant, frictional 
force should be proportional to the load, as we 
have seen it is (Law 1). Yet Morin was able to 
point out the insufficiency of this theory, as 
many others have done more recently. Thus for 
the past fifty years there has been much discus- 
sion of the importance of molecular forces, and 
the use of modern experimental techniques has 
brought about an increased appreciation of the 
role played by these forces even to the extent of 
leading to the belief that without them there 
would be little or no force of friction. 

It is interesting, therefore, to find that a 
modern authority on friction (J. J. Bikerman)!%" 
still advocates the concept that frictional resis- 
tance is caused by the meshing of roughnesses; 
hence, he claims, the correct law of friction must 
be Law 1, and any phenomena which do not 
conform to this law cannot be regarded properly 
as true friction. After making (in 1941) a critical 
review of recent literature on sliding friction he 
reached conclusions that may be summarized as 
follows: 


a. Friction cannot be due to the sticking 
together (welding) of points of contact, 
since Law 1, including the constant yw, may 


8H. Ernst and M. E. Merchant, “Surface friction of 
clean metals,” Proc. Spec. Summer Conference on Friction 
and Surface Finish (M.1.T., Cambridge, 1940), pp. 76-101. 
This is only one of many ‘references that might be cited. 
See also Sec. 5. 

9S. Vince, ‘‘On the motion of bodies affected by friction,” 
Phil. Trans. 75, 654-668 (1785). 

10 J. J. Bikerman and E. K. Rideal, ‘‘A note on the nature 
of sliding friction,” Phil. Mag. Ser. 1, 27, 687 (1939). 


. J. Bikerman, ‘‘Friction and adhesion,” Phil. Mag. 
Sur 7, 32, 67-76 (1941). 
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be identical for platinum sliding on plati- 
num, platinum on wood, and wood on wood. 

. Friction cannot be due to adhesion, since 
no adhesion is detected when the normal 
force is measured (slider lifted off track). 

. Coulomb’s law (Law 2) cannot be reconciled 
with the adhesion hypothesis by assuming 
the area of actual (instead of apparent) 
contact is proportional to the load, since 
this is not in accord with experiments on 
decreasing load. 

. In certain experiments which seemed to 
prove that friction is not caused by surface 
roughnesses it is not the true force of 
friction that was measured, but instead the 
“‘scratch hardness.” 

. As long as Law 1 is valid, friction cannot 
be due to cohesion but to elevation of the 
load over roughnesses. The absolute values 
of » for different surfaces with various 
degrees of polish are found by measuring 
the angles of repose, which range from 6° 
to 27°, corresponding to values of uw from 


0.1 to 0.5. This is interpreted to mean that 
polished surfaces may have irregularities 
that are inclined to the visible surface at an 
angle of 6° or more, but when the inclina- 
tion is greater than 27° the surfaces can no 
longer be considered smooth and are un- 
suitable for friction measurements. On the 


cohesion hypothesis u might have any value 
at all. 


4. Conclusions 


In any ‘‘practical case,’’ to borrow Coulomb’s 
phrase, the college student is justified in regard- 
ing the classical ‘‘laws’’ of friction as valid. This 
is a viewpoint in agreement with at least one 
school of contemporary thought, in which these 
laws are regarded as the expression of all phe- 
nomena properly described as ‘‘true friction.” If 
this develops in the student’s mind a complacent 
attitude, it is feared he will be unable to maintain 
it when confronted with the opposing evidence 


and the more recent theories to be discussed in 
Part IT. 


The Quantum-Mechanical Problem of a Particle in Two Adjacent Potential Minima 
I. Direct Solution 


D. S. CarTER* anD G. M. VoLKOFF 
The University of British Columbia, Vancouver, British Columbia 


HE object of this paper is primarily peda- 
gogic. In introducing a student for the 

first time to the use of perturbation theory in 
quantum mechanics it is helpful to have an 
elementary illustration of the application of the 
theory to a simple but nontrivial problem which 
can also be solved exactly, and to use the exact 
solution for a step-by-step check of the approxi- 
mations found by perturbation theory. One of 
few such problems is that of a particle in two 
adjacent rectangular ‘‘potential wells.”’ It is an 
exactly soluble representative of a class of two 
adjacent minima problems which are of con- 
siderable physical interest in connection with 
phenomena of metallic conduction,! van der 
* Holder of a Studenship from the National Research 


Council of Canada. Now at Princeton University. 


1M. F. Manning and M. E. Bell, Rev. Mod. Physics 12, 
215 (1940). : 


Waals forces,? the stability of hydrogen-like 
molecular ions,? and the vibration spectra of 
certain polyatomic molecules.* 

Exactly soluble cases of two identical one- 
dimensional adjacent potential wells of various 
special shapes have been previously treated by 
Morse and Stiickelberg,t Dennison and Uhlen- 
beck,® Rosen and Morse,* Dushman,’ and Man- 


2S. Dushman, Elements of quantum mechanics (Wiley, 
1938), pp. 214-218 and references given there. 

8G. Herzberg, Infrared and Raman spectra of polyatomic 
molecules (Van Nostrand, 1945), pp. 221-224 and references 
given there. 

4P. M. Morse and E. G. C. Stiickelberg, Helv. Physica 
Acta 4, 337 (1931). 

5D. M. Dennison and G. Uhlenbeck, Physical Rev. 41, 
313 (1931). 

®N. Rosen and P. M. Morse, Physical Rev. 42, 210 
(1932). See also a remark by D. ter Haar, Physical Rev. 
70, 222 (1946), on an error in their treatment. 

7S. Dushman, Joc. cit. in ref. 2, considers two identical 
rectangular wells. His first-order approximation to the split- 
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ning.® The connection between the exact solution 
and the perturbation theory approximation for 
their particular shape of well is discussed by 
Morse and Stiickelberg.* 

In this paper we consider two not necessarily 
identical one-dimensional ‘‘rectangular wells,” 
a case which does not seem to have been discussed 
in detail in previous literature. It has been chosen 
for its mathematical simplicity, and for its 
pedagogic value in enabling us to draw a clear 
distinction between two different types of pertur- 
bation theory which we designate for brevity as 
“*\-type”’ and ‘‘e-type.”” The former, which uses 
an orthogonal set of unperturbed eigenfunctions, 
is based on the smallness of the parameter 
which is proportional to the depth of the ‘“‘per- 
turbing”’ potential well situated at a constant 
distance from the ‘‘unperturbed” well. This is 
the usual Schrédinger type of perturbation 
theory which is discussed in most textbooks on 
quantum mechanics. The latter is a special type 
of perturbation theory, illustrated for two identi- 
cal wells by Morse and Stiickelberg,* and ex- 
tended® to dissimilar wells in this note. It uses 
an “‘almost orthogonal” set of unperturbed wave 
functions, and is based on the smallness of the 
parameter ¢ related to the penetrability of the 


ting of degenerate levels lacks a factor 6%a/(1+ 8a) (a?+ 6?) 
(compare his equation (3) on p. 217 with our Eq. (29a) for 
c=a and A=1) since he fails to take into account the 
phase shift of the single-well eigenfunctions when both 
wells are present. 

8M. F. Manning, J. Chem. Physics 3, 136 (1935). 

® Our discussion follows a line of reasoning outlined by 
Professor J. R. Oppenheimer in a course of lectures 


attended by one of us (G.M:V.) at the University of 
California in 1938. 
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Fic. 1. The two-well po- 
tential function V(x) with 
corresponding energy levels. 
Solid lines represent levels of 
the two-well problem, dashed 
lines represent unperturbed 
single-well levels, and dot- 
dashed lines represent ‘‘in- 
finite well’’ levels. 


potential barrier separating two wells of fixed 
depth but variable separation. The pedagogic 
value of the two-rectangular-well model is 
further enhanced by the necessity for explicit 
introduction and use of wave functions of the 
continuum. 

The two rectangular well problem is formu- 
lated, and its exact solution in implicit form is 
obtained by a direct method in Sec. 1. The 
implicit results are then reduced to explicit form 
in three special cases: for a single well in Sec. 2, 
for two wells far apart in Sec. 3, and for one 
well shallow compared to the other in Sec. 4. In 
Part II of this paper, which will appear in a 
subsequent issue of this journal, the results of 
Sec. 4 are reproduced by standard Schrédinger 
perturbation theory (A-type) in Sec. 5, and the 
results of Sec. 3 are reproduced by perturbation 
theory using ‘‘almost orthogonal’’ wavefunctions 
(e-type) in Sec. 6. A discussion of all these formal 
results is given in Sec. 7. In Sec. 8 the model is 
applied to the ammonia inversion spectrum. 


1. Exact Solution of the Two-Well Problem in 
Implicit Form 


We consider the problem of one-dimensional 
motion of a particle of mass yw subject to a 
potential V(x) shown in Fig. 1, and defined by 


(—U for |x|<a 
V(x)=4{—-AU for |x—a—2b-c|<c (1) 
0 for all other x. 


We seek the bound energy levels (E <0) together 
with the corresponding eigenfunctions ¢(x) which 
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satisfy both the equation 


d°o/dx*?+xLE— V(x) ]¢=0 (2) 
with 


k= 82p/h?, (3) 


and the boundary conditions at infinity (where 
¢@ must not become infinite), and at the four well 
boundaries (where ¢ and its first derivative ¢’ 
must be continuous). The function, defined in 
the five regions of Fig. 1 by 


$1=A cosa(a— d)e8(e+® (4a) 


¢2=A cosa(x+ 4) (4b) 


A cosa(a+ 5) 
———————_[[eAlz-a) + yeh! z—a) 1 
1+7a 


wor RE gine 


1+~7e 


(4c) 


a y pe P (2-2-2) 1] 


¢4=B cosa’ (x —a—2b—c— 38’) 


(4d) 
(4e) 
(4f) 


¢s=B cosa’ (c— 8’)eB(2-4-2b-20) 
with 
a=[x(E+U)] 
a’ =[x(E+XU)}! 
B=(—«E)! 


e+B2?=x«U, a?+B?=rxU, 


(Sa) 
(Sb) 
(Sc) 
(Sd) 


satisfies Eq. (1) and the boundary condition at 
infinity. Expressions (4a) to (4c) and (4d) to (4f), 
respectively, make up functions which are con- 
tinuous at the boundaries of wells A and B. The 
two forms of ¢3 have been chosen to emphasize 
the symmetric way in which the two wells occur 
in the problem. The six constants A, B, 6, 3, 
va and yz, and the equation for eigenvalues may 
be determined by the requirements of the con- 
tinuity of ¢’/¢ at the four well boundaries, of 
the identity of the two expressions (4c) and (4d) 
for $3, and of normalization. Continuity of the 
logarithmic derivative gives 

B/a=tana(a—5), (6a) 


B/a=(1+ya/1—ya) tana(a+s), (6b) 


and two similar expressions with a, a, 6, and ya 
replaced by a’, c, 6’ and yz. Elimination of 6 


from Eqs. (6a) and (6b) yields 


ya = (8? —a?+ 208 cot2aa)/(xU) 
= (8—a tanaa)(8+acotaa)/(xkU). (7) 


Similar elimination of 6’ yields an expression for 
ye which is simply Eq. (7) with ya, a, a and U 
replaced by yz, a’, c and XU, respectively. If 
we now insist that the two forms (4c) and (4d) 
of $3 represent the same function, we obtain 


yAYR=? (8) 
with 


g= e280, (9) 


This is clearly the equation determining the 
eigenvalues, since in accordance with Eqs. (5) 
and (7) it is an implicit equation in E and the 
constants a, b, c, U and X of the potential 
function V(x). Both the eigenvalues and the 
eigenfunctions have thus been implicitly deter- 
mined. They may be found by numerical methods 
for any particular case. 


2. Specialization to a Single Well 


For the application of perturbation theory 
methods we shall need the unperturbed single 
well eigenvalues and eigenfunctions for both the 
discrete and the continuous energy states. 

The former may be obtained by specializing 
the above results by letting c=0 or A=0. In 
this case, ¢3 represents the eigenfunction for all 
x>a. The boundary condition at infinity now 
requires that 


(10) 


Fic. 2. A rough sketch of ya(Z) for 4<32ya?U/h? <25/4. 
The zeros of ya(E) define the levels of the single-well 
— and its discontinuities define the “‘infinite well’”’ 
levels. 
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which, with Eqs. (5) and (7), is the condition 
for eigenvalues. 

The trend of ya has been roughly sketched in 
Fig. 2 as a function of E (see Appendix 1 for 
details of the dependence of y(£) and of its 
derivative on /) for the case that U lies in the 
range 4<32ya*U/h?<25/4. The value of ya(£) 
is real only for E<0O and is positive for all 
E<-—U, approaching + as E——~o, In the 
region of bound energy levels (— U<E<0) the 
zeros of ya(£) are separated by infinite discon- 
tinuities at the points!” 


Ex, n=n?h?/32ua?—U; n=1,2,3,--+. (11) 


As E increases, the sign of ya changes from 
negative to positive at each E,,, and from 
positive to negative at each zero. The zeros, 
when placed in increasing order, are alternately 
zeros of the first and second factors of ya in 
Eq. (7). The slope of y4 at each of its zeros E, 
is necessarily negative, as may be seen by 
differentiating expression (7), with respect to the 
energy £, using Eqs. (5), and using the fact that 
ya(E4) =0. The result is 


ya’ (Ea) = —«° U(1+Ba)/20°6?. (12) 


The eigenfunctions $4 corresponding to the 
bound levels of the single well A may be obtained 
as follows. We set ya=0 in Eq. (6b), and from 
Eqs. (6a), (6b) obtain"! 

6=Il1/2a, (13) 
where / is an even or odd integer according as the 
first or second factor of ya in Eq. (7) vanishes. 
Substitution of Eqs. (10) and (13) into Eqs. (4a) 
to (4c) shows that the bound state eigenfunctions 
are alternately multiples of the even and odd 
functions 

$a, =cosaae*te) 


$a, =COSaX (14a) 
$a, =cosaaeP—9), 
and 
oa, = —sinaae®@t® 
$a, =sinax (14b) 


$a, =sinaae 8), 


10 As U-—>«, each zero approaches the E.,n which lies 
immediately above it. Thus the E.,n may be thought of 
as the levels of an infinitely deep box of the same width 
with base at —U. 

11 To avoid extra notation we shall use a and B to denote 
the functions of E defined by Eqs. (5), and also the special 
values which these functions assume corresponding to 
eigenvalues of E. 
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according as the first or second factor of y,4 
vanishes. 

In both cases it may be shown that the 
normalizing factor C4 is determined by 


1 +x 
—~{ oa°dx =a+1/8= 


Ci? —2# 


2a°B ; 
a (Ea) ], 





(15) 
where the prime denotes differentiation with 
respect to E. For later use we observe, with the 


aid of Eq. (7), that for the even functions the 
following relations hold: 


cos?aa = a?/(a?+ 8?) =a?/KU; (16a) 
and for the odd functions 
sin’aa = a?/(a?+ 8) =a?/KU. (16b) 


The single-well eigenfunctions for the con- 
tinuum of unbound states (E>0), which are also 
needed for perturbation theory calculations, are 
obtained as follows. Setting 


k=(xE)'>0 for £E>0, (17) 


we find that outside the well A, ¢ no longer has 
the exponential form of expressions (4a), (4c), 
but that it has the oscillatory form A cosk(x+4). 
It is clear that Eq. (2) is satisfied for every E>0 
by the following linearly independent pair of 
functions ¢,+ and g,~, of which the first is even 


and the second is odd: 


git = +2 cosk(x — 6*) 


cosk(a+ 6*) 
42+ = x-+———__ cosax 
cosaa 
(18) 
cosk(a-+ 6-) 
ono = 7+ sinax 
sinaa 


¢n3t = 2 cosk(x+ 6+). 


The functions g,* defined by Eq. (18) are 
already continuous at the well boundaries, and 
satisfy the boundary condition at infinity. The 
further requirement of the continuity of their 
logarithmic derivatives determines 6+ and 6- by 
the equations 


k tank(a+ 5+) =a tanaa 


k tank(a+65-) = —a cotaa. (19) 


Each level of the continuum is thus seen to be 
twofold degenerate. 
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The factor 1/(2)! in Eqs. (18) has been chosen 
to make the g* normalized to Dirac’s delta- 
functions (see Appendix 2). 

The eigenvalues and eigenfunctions belonging 
to the single well B may be obtained from the 
above discussion by replacing a, U, a, x, ya, 4, 
respectively, by c, AU, a’, x—a—2b—c, yz, 4’, 
and leaving all other quantities unchanged. We 
shall denote by $s the bound state eigenfunctions 
found in this way from Eqs. (14). 


3. Specialization to the Case of Two Wells 
Far Apart 


We return to the results of the first section and 
examine them in the case that the distance 2) 
between the two wells is large. For arbitrarily 
large b, é of Eq. (9) is correspondingly small, and 
the value of yayz in Eq. (8) is arbitrarily close 
to zero. It follows that every two-well level E is 
arbitrarily close to a level Ey of one or the other 
of the single wells A and B (a zero of ya or yz). 
Indeed, for sufficiently large b, every such E 
may be approximated by a solution of the 


equation 
[ya(Eo) +(E—Eo)va’ (Eo) ] 
X Lvs(Eo) + (E—Eo)ve' (Eo) ]=2 


/ 


(20) 


where ya’ and yz’ are derivatives with respect 
to E, and 


€ = &(Eq) = 62-180), 


(21) 


Since both Eqs. (8) and (20) are symmetric in 
ya and yg, we need discuss only the case in 
which Ey= Ea is a level of well A. We can then 
obtain results for the case Ej= Eg by symmetry. 
Substituting ya(Z4) =0 in Eq. (20), and solving 
for that root E—E, which approaches zero as 
e—0, we obtain 


ya(Ea) 
= ——[(1+X,4)!-1 
Pyat(Eae Pa] 


e 


E-E, (22) 


=~ 


~ ya! (Ea)ya(Ea) 
= +e ya'(Ea)yu'(Ea)] for Xa>>1, (24) 


for |X4|<1 (23) 
where 


Xa=[4e ye’ (Ea) ]/Lva'(Ea)v8*(Ea)]. (25) 
Since ya’(Ea) is always negative (Eq. (12)), Xa 
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agrees in sign with —-y,’(Ea), and accordingly 
E—Ez, agrees in sign with —y,(Ea). This tells 
us which sign must be chosen in Eq. (24). 
Further, if Eg is that level of well B which is not 
separated from E, by an infinite discontinuity 
of ys(£), and which we call for brevity the level 
of well B that is ‘‘closest to E,4,’’ —yg(Ea) has 
the same sign as E,4— Eg. Hence E lies on the 
side of E4 opposite to Ez; 1.e., Ex is “repelled” 
by the “‘closest’’ level of well B. 

There are two special cases in which the last 
remarks are not strictly applicable: when Ex, 
coincides exactly with a level Ex (the “‘closest”’ 
level) of well B; and when Ey, coincides with an 
infinite discontinuity of ys(EZ) (Ea is ‘‘equally 
close’ to two levels of well B). In the former 
case we find by substituting y4(E4) =ys(E,4) =0 
into Eq. (20), that there are two solutions for 
E— Ea given by expression (24) with both choices 
of sign. In the latter case we find by substituting 
ya(Ea)=0 and ys(E4)= © into the exact Eq. 
(8), that E, is a level of the two-well system for 
all values of 6 and e, t.e., E—E,4=0. 

Those cases in which Eqs. (23) and (24) are 
valid are of special interest. In the former case, 
which we call “‘completely nondegenerate,” two 
conditions are satisfied : (a) E4 does not coincide 
with any level of well B, so that yza(Ea) #0, and 
(b) the wells are far enough apart and e is 
sufficiently small that |X4|<1. In the latter 
case, which we call ‘‘degenerate,’’” either (a) Ea 
coincides exactly with a level of well B (‘‘exact 
degeneracy’’) or (b) Ez is sufficiently close to a 
level of well B (|ys(Ea)| is so much smaller 
than unity)" and e is sufficiently large that 
X,4>>1 (‘‘approximate degeneracy’’)._ 

The following interpretation in terms of level 
spacings of conditions of ‘“‘complete nondegener- 
acy” and of “‘degeneracy,” respectively, under 
which expressions (23) and (24) are valid is 
instructive. Let us consider two single well levels 
E, and Ez which lie sufficiently closely together 


22 In this use of the word “degenerate” with reference to 
a case in which there is a simultaneous level of two different 
problems we differ from customary usage. Ordinarily the 
word denotes the existence of more than one linearly 
independent eigenfunction belonging to a single level of 
the same problem, as in the case of Eqs. (18) above. 

131t is shown in Appendix 1 that ya’(Ea) is negative 
whever |ys(E)|<1. Hence the condition |ys(Ea)| <1 
ensures that Xu shall be positive. 
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that we may write, approximately, 


ye(Es) =0~ ya(Es)+(Es—Ea)ys'(Ea): (26) 
and consequently 
Ea— Es~ye(Ea)/ys' (Ea). (27) 
Substitution of Eq. (27) into Eq. (25) gives 
X4=4E/[ya'(Ea)ye'(Ea)(Ea—Ez)*] 
=4e/[ya'(Ea)ye(Ea)(Ea— Es) ]. (28a) 


A further substitution of Eq. (23) into the third 
term of Eq. (28a) gives, for the completely 
nondegenerate case, 


E-—Eaz 





|X4|~4 1. (28b) 








a—Ep 


A similar substitution of Eq. (24) into the 
second term of Eq. (28a) gives, for the degenerate 
case, 


X4~4(E—E,)?/(Ea—Ep)*>1. (28c) 


Thus the conditions for complete nondegeneracy, 
or for degeneracy, of a pair of neighboring single- 
well levels belonging to different wells are, 
respectively, that the wells must be far enough 
apart, or close enough together, that the shift of 
a level E, due to the presence of the other well 
B must, in the former case, be much smaller, 
and in the latter case much larger, than the 
original small level separation E4— Ez. This last 
result shows that if in expression (24), yx’(Ea) is 
replaced by yas’(Eg), the resultant expression 
will still give the level shift correctly to terms 
of order e. 

Stated in words, the above results for E—Ea 
and their analogs for E— Ez imply the following: 
The system of two wells at a sufficiently large 
but finite distance apart has a level E corre- 
sponding to each level Eo of the two wells con- 
sidered independently of each other (at infinite 
separation). For each Eo, there is a range of 
distances between the wells (a range of values of 
¢) over which our approximations for E— Ep are 
valid. Within this range, the form of E— Ep will 
vary in accordance with the size of e and the 
distance of Ey from the ‘‘closest” level of the 
opposite well. Thus, if Eo happens to coincide 
exactly with a level of the other well (either 
accidental degeneracy, when two levels of dis- 
similar wells coincide by chance, or complete 
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degeneracy, when all levels of two identical wells 
coincide), Eq. (24) tells us that the two-well 
levels corresponding to Eo lie one above, and the 
other equally far (to terms of order e) below Eo, 
their splitting always being of order e. If Ep lies 
very close to a level of the other well, then for 
very small values of e¢ (large separations of the 
wells) the case will be nondegenerate, and Eq. 
(23) tells us that the level shift will be of order &. 
As ¢ is increased (the wells are brought closer 
together), however, complete nondegeneracy will 
no longer exist, and the shift will no longer be 
of order e. Eventually, for the largest permis- 
sible values of e, approximate degeneracy will set 
in, and the shift will become of order e. Finally, 
if Eo is not near a level of the opposite well, the 
case will be completely nondegenerate for the 
smallest values of e, and although it may not 
necessarily remain so for larger values of e, it 
will never become approximately degenerate. 

The above results are qualitatively illustrated 
by the levels sketched in Fig. 1. The lowest 
level of the two box system lies below the lowest 
level Eo of well A, since it is necessarily ‘‘re- 
pelled’”” by the lowest level Ego of well B. 
Similarly, the second level of the two-well system 
lies below Ego which is “repelled” by Eai. The 
third level coincides with E4;, since the latter 
coincides with E,,; of well B. Of the next pair 
of levels, one lies above, and the other below, 
the accidentally coincident levels Ex, and Ea. 

Making use of Eqs. (7) and (12) and their 
analogs for well B we rewrite Eqs. (24) and (23) 
in explicit form to facilitate comparison with 
Dushman’ and with the results of perturbation 
theory. Thus for degenerate levels (using ya’(E.«) 
~*p'(Epg) to the desired order of accuracy) we 
obtain 


+2eaa’ B? 
“ @ULM1-+8a)(1+6c) } 


where both signs are used for exact degeneracy, 
while for approximate degeneracy the sign is 
chosen in agreement with that of E4— Ex. For 
completely nondegenerate levels the correspond- 
ing relation is 


(29a) 


— 2€da’B? 
ra «(1+ 8a) (6? — a’?+2a’B cot2a’c) 





(29b) 
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We now turn to a discussion of the eigen- 
functions of the two-well problem. Again because 
of symmetry we need discuss only those cases in 
which the two-well level E lies close to a level 
E4 of well A. In these cases y4(E) is almost 
zero, the values of 6 determined by Eqs. (6) 
differ little from those given by Eq. (13) and 
the first three of Eqs. (4) differ little from Eqs. 
(14). Thus in the neighborhood of the well to 
which the unperturbed level belongs, the two- 
well eigenfunction differs little from the corre- 
sponding single-well eigenfunction. 

To determine the nature of the perturbed 
eigenfunction near well B we find the ratio 
|B/A| of the amplitudes of the oscillatory parts 
of the eigenfunction inside the two wells. First 
we equate expressions (4c) and (4d) at x =a, and 
eliminate @ by means of Eq. (8). Then we 
simplify by means of Eqs. (5d), (6) and (7) to 
obtain 


|B -( YA ) (+7) cosa(a+ 8) 


1A a (1+-.) cosa’ (e+ 6’) 


1 val \#|sin2aa 
) , (30) 


ys 


where all functions should be evaluated at the 
actual eigenvalue E of the two-well problem. 

In the completely nondegenerate case we may 
use, as an approximation, Eq. (8) with é replaced 
by ¢ to eliminate y., and setting E~ E, obtain 


sin2a’c 


sinaa | 


(31) 


- € 
A| (d)"|-ya(Ea)| 


sina’c 


which is correct to order e. This shows that the 
ratio of the amplitude of the eigenfunction in 
the perturbing well to that in the perturbed well 
is of order e, and hence the relative probability 
of finding the particle near the perturbing well is 
only of order é? compared with that of finding it 
near the well to which the original level Ex 
belongs. 

In the degenerate case we obtain with the aid 
of the relations y4(E4) =ya(Es) =0, 


ya(E) = (E— Ea)ya' (Ea) (32) 
ya(E) ~(E—Epz)yp' (Es). (33) 


Further, since expression (7) and its analog for 
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well B are both nearly zero we obtain with the 
aid of Eqs. (5d), 


| sin2aa| ~ 2a8/(xU) ; 


’ (34) 
|sin2a’c| ~2a’B’/(AKU), 


where a and 8 belong to Ea, and a’, B’ belong 
to Ex. Substituting Eqs. (32), (33) and (34) 
into Eq. (30), and then substituting Eq. (15) 
and its analog into the result, we obtain 


F 1 |sin2aa (a ; 
A ~ (a)! sin2e’c “eae 


RS een 
~~ 


Ce /B(E—Ea,) \3 
—). (35) 
Ca\B'(E—Esz) 


where C4 and Cz are the normalizing factors of 
ga and ¢g defined by Eq. (15) and its analog. 
In the case of exact degeneracy, when E,=Ez, 
and B=8’, Eq. (35) reduces for all values of «€ to 


|B/A|~Csp/Ca (36) 


which shows that no matter how far apart the 
wells are, and how small the wave function is in 
the region between the two boxes, the normalized 
wave functions ¢ for the two levels of the two- 
well problem, into which the original degenerate 
level splits, are given by 


$= (Cada+Caos)/V2. (37) 


Further, the ratio of the probability of finding 
the particle in the neighborhood of one well to 
that of finding it in the neighborhood of the 
other is unity. For the approximately degenerate 
case (8~’ and E—E,~E— Ez) Eq: (35) shows 
that the ratio of these two probabilities is 
given by 


B(E—Ea)/6'(E—Ex) (38) 


which differs from unity at most by terms of 
order ¢. As the separation of the two wells is 
increased and e—0, |E—E,| becomes smaller 
than |E—Ez|, so that the relative probability 
of finding the particle near well B as compared 
with well A diminishes, and the two-well level 
E which corresponds to E, takes on more and 
more of the characteristics of Ea. 
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4. Specialization to the Case in Which One of 
the Wells Is Shallow 


We again return to the results of the first 
section, and examine them in the case that 0 is 
arbitrary, but fixed, and X is small (well B is 
shallow). We obtain an explicit approximate 
expression for the eigenvalues by considering the 
fact that Eq. (8) defines E as a many-valued 
function of . It is clear that for every level E, 
of the single well A there is a branch of this 
function which approaches E, as \>0. But each 
of these branches may be expanded in a series 
of the form 


E=Es+X@E/dd)+3¥(PE/d) +--+, (39) 


where the derivatives are all evaluated at \=0 
and E=E,. The range of applicability of these 
series will be discussed later. 

The coefficients of \ and )* in the above 
expansion have been determined from Eq. (8) by 
partial differentiation (see Appendix 3) in order 
to compare the direct result of Eq. (39) with 
that of perturbation theory. They are 
E, = (dE/dd)y20= €a?(e~*8* —1)/2x(1+ 8a) (40a) 


and 





E,.=3(@E/d»*)y~0 
= &o? UL (1+48c)e—*8*— 1 ]/487(1+ Ba) 
+E?(e°d2/dE 


—vs'/yp—%YA'/7a')r=0, (40b) 


where FE, denotes expression (40a), the primes 
denote differentiation with respect to E, and all 
the functions are evaluated at E= Ey. 


Appendix 1. Some Properties of y(Z) and y'(E) =dy(E) /daE 
for E<0 


Setting M?=a’xU and x=aa in Eqs. (7) and (5) we 
obtain: 
+ (E) = (M?—2x?+2x(M?—<x?) cot2x) /M?. 
Differentiating and combining terms we find 


y'(E) =dy(E) /dE = (xa?/2x) (dy/dx) 


ws | + (M?—x?)t csc?2x 


{14+ 2 «yh. (A2) 


For E<—U, x is purely imaginary, y(£) is positive, and 
+'(E) is negative, as may be seen from Eqs. (A1) and (A2). 
For —U<E<0, x lies between 0 and M. In this range 
y(E) has infinite discontinuities at the points x,=n7/2, 
where n is any positive integer. At E=0, x=M and y(E£) 
assumes the value 7(0) = — 


(Al) 
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We now investigate the sign of y’(Z) in the range 
—U<E<0, or 0<x<M. The expression 


(2x? — M?) /(M? —x?) (A3) 


increases monotonically from —i to 0 to + © as x increases 
from 0 to M/v2 to M. Since |sin4x/4x| <1, we see that 
y'(E) is necessarily negative for 0<x<M/v2. For x in 
the range M/v2<x <M, expression (A3) is positive, and 
hence the quantity within the curly brackets in expression 
(A2) will be negative if, and only if, 


sin4x/4x << —(M?—x?) /(2x?-— M2). (A4) 


A graph of the functions on the two sides of this inequality, 
and an investigation of their derivatives, shows that if M 
is such that 


2na <4M <(2n+1)z, (AS) 


where 1 is a positive integer or zero, the inequality (A4) 
cannot hold for any value of x in the range M/v2<x<M. 
If M is such that 


(2n+1)4<4M <(2n+2)z, (A6) 


where 7 is a positive integer or zero, there will be an 
intersection of the two curves at a point Xo such that 


(2n+1)4 <4x9<4M <(2n+2)z. (A7) 


Thus when M satisfies condition (A5), y’(E£) is negative 
everywhere; but when M satisfies condition (A6), y’(E) 


is negative everywhere except possibly within that range 
of x defined by 


(2n+1)a <4x9<4x <4M <(2n+2)z. (A8) 


The zeros of y(Z) correspond to those values of x for 
which the functions (2x?—M?)/(M?—x?)t and 2x/tan2x 
are equal. Graphs of these functions show that there is 
one zero in each subinterval into which the interval 
0<x <M is divided by the points of infinite discontinuity 
X,n=n2/2. Since the former function is positive in the 
range 0<x<M/v2, those zeros of y(EZ) which lie below 
M/v?2 necessarily lie in the intervals x, —2/4<x <n, while 
those which lie between M/v2 and M necessarily lie in the 
intervals x, <x<x,+7/4. Comparing this with condition 
(A8) we see that the derivative y’(Z) can possibly become 
positive only for values of x greater than the highest zero 
of y(E). 

.The value which y’(Z) approaches as E-0 may be 
obtained by setting x=M—u in Eq. (A2), and letting 
u—0. We obtain 


P xa? csc?2 


¥ -—3QMut sin4M. 


(A9) 

This is negative or positive according as M satisfies 
condition (A5) or (A6). In the former case the graph of 
y(E) is represented by the curve of Fig. 2. In the latter 
case the character of the graph remains the same for 
energies below the highest zero; but above the highest 
zero the graph first drops below —1, and then approaches 
the value —1 with positively infinite slope as E—0. 
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Appendix 2. Normalization of the Eigenfunctions 
of the Continuum 


The A-type perturbation theory results summarized in 
Sec. 5 are obtained on the condition that the unperturbed 
eigenfunctions of the discrete states of the one-well problem 
are normalized to unity, while the eigenfunctions belonging 
to the states in the continuum are normalized to Dirac 
delta-functions by the requirement 


Joe) (x)de = 8(k—#'), (A10) 


where the ¢ are both odd or both even eigenfunctions 
defined by Eq. (18). Condition (A10) is equivalent to 


2 k+A 
2 dulx) [ du-(x)dk'dx=1, 


where A is positive but may be arbitrarily small. Taking 
limits of both sides of Eq. (A11) as A—0, we see that no 
finite contribution to the limit of the integral over x can 
come from any finite range of integration, so that Eq. 
(A11) may be replaced by 


2 a0 k+A , 
2lim fr onte) fr ox: (x) dk'dx 


(Al11) 


=2Iim [és(y+ fe gulytxeddk'dy=1, (A12) 
= Pye | L or(Y+Xo - dr (Y+Xo y=1l, U 


where Xo is an arbitrarily large, but finite number. Thus 
only the asymptotic form of ¢x(x) is important in deter- 
mining the normalizing factor. It is given from Eq. (18) by 


x(x) = C, cosk(x+6) for (A13) 
where 6 depends on k. If we choose x9>a, and such that 
cosk(xo+5) = 1, (A14) 

we may rewrite Eq. (A12) in the form 


x> 4a, 


° ro kta , , , 
2 iim f, Ci cosky f' Cy Lcosk’ (xo+ 6’) cosk’y 


—sink’(xo+6’) sink’y ]dk’dx=1, (A15) 
where 6’ is the value of 6 for k=k’. It may be shown that 
since cosk’(x9+6’)=1 and sink’(xo+4’) =0 for k’=k, Eq. 
(A15) may again be rewritten 

* ot e+ , , ies 
2 tim J Ce cosky f” ", Cw cosk’ydk'dy=1. (A16) 


Finally, it may be shown that C,=1/(7)! satisfies condition 
(A16). 
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Appendix 3. Derivation of Eqs. (40a) and (40b) 


From Eggs. (8), (5), (21), and the analog of Eq. (7) we 
have 


~ =) ie r 
fe = ~ 3 (rarve—2)/ 2 crare-®) 


al da’ a 
=2(?- Ga S78) [eve +yB’yA v5) (A17) 


there ya’ and yz’ are derivatives with respect to E. Setting 
\=0 and E= Ea we obtain 


E, = (E’)y-0= (@/dysya’)a=0- (A18) 

Setting \=0, E=Ea, and a’ =i8 (from Eqs. (5b) and (5c) 
with \=0) in the analog of Eq. (7), we obtain 

(Avs) x0 =48?/«U(1 —e~#2), (A19) 


Substitution of Eq. (A19) into Eq. (A18), and application 
of Eqs. (12) and (21) leads, for \=0, E=Ea, directly to 
Eq. (40a). 


To obtain Eq. (40b) we differentiate Eq. (A17); 


E"= PE _ 
~ ae ad ees 


For \=0 we find 


(2), tials 
~ yp Wana aE 


— ; A21 
AyB*yA Oa — 


(55),~ ~sara a? 
~ dystya’ Oa’ 


oF’ 1 dé e ( ry ') 
OE hysya’ dE hys*va™ yaya’ +ysya"). 


(A22) 


(A23) 


Substituting into Eq. (A20) we find, with the help of 
Eq. (A18), that 


(E!)y20=2E 1= -26,|— ou 


1 dé vp’ ve] 
oe a ; A24 
@dE ys) va’ dy-=0. aaa 


Finally, we find de'/@\ and dyz/da’ from Eq. (5b) and 
the analog of Eq. (7), respectively, set a’=78, and use 
Eqs. (40a) and (A24) to obtain Eq. (40b). 
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Liquid helium is a starting point for all work in the region within only a degree or so of absolute 
zero. The importance of investigations at this temperature is that the atoms have been robbed of 
almost all their thermal motion. In consequence a whole new range of physical properties can be 
studied, which is obscured by the irregular motion of the atoms at higher temperatures. Just as the 
anxious photographer tells his audience to keep quite still while he takes the cap off his camera, so 
the physicist likes the atoms to keep quiet while trying to discover some of their more delicate and 


small-scale properties —W. L. BRAGG. 











FREQUENTLY occurring problem in 

physical science is the exact representation 
of a series of points y;=f(a;) by a polynomial, or 
rational integral function as it is more logically 
designated. All ordinary interpolation formulas 
correspond to such a representation, where the 
polynomial is in factorial form. Thus the Gregory- 
Newton interpolation formula—the oldest known 
interpolation formula—expresses the result ex- 
plicitly in terms of leading differences. The 
Newton-Stirling, Newton-Bessel, and Newton- 
Gauss formulas employ central differences. All 
of these formulas apply only to the case of 
equally spaced abscissa values. If the arguments 
are unequally spaced, we are forced to use 
“divided differences,” and the corresponding 
equation, also in factorial form, is known as 
Newton’s equation. 

But the physical scientist often prefers to 
obtain the desired polynomial in power series 
form. A commonly used method for getting such 
a result, in the case of equally spaced arguments, 
is described in Section B of a recent paper by the 
writer.' In that paper the statement is made that 
the method presented in Section B is ‘‘the most 
rapid and convenient one for setting up a poly- 
nomial in power-series form which exactly satis- 
fies a given set of equally spaced data.” 

The purpose of the present paper is to show 
that the foregoing statement is far from correct. 
As the writer has recently discovered, the method 
of divided differences with repeated arguments is a 
better one to use for the case of equally spaced 
arguments, and it has the very great advantage 
that it is applicable also to the entirely general 
case of unequally spaced arguments. But its most 
important advantage lies in the fact that no 
explicit formulas are required. All calculations 
may be carried out directly by means of a 
properly extrapolated table of divided differences. 

Although this method of divided differences 
with repeated arguments is not new, no emphasis 
is given to its possibilities and importance in the 


1R. T. Birge, Rev. Mod. Physics 19, 298-360 (1947), 
see pp. 303-305. 
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few places where I have found it discussed,” * and 
I have never seen it used in any scientific paper. 
In order to bring out as clearly as possible the 
advantages of the method, I give first a brief 
outline of the method discussed in Section B of 
reference 1. Further details, together with a fully 
worked out illustrative problem, may be found 
there. 

One first sets up a polynomial in factorial form 
in terms of either leading or central differences. 
This expression is then multiplied out, in order 
to collect all terms in each power of the inde- 
pendent variable. An interpolation formula in 
terms of central differences is much better, for 
this purpose, than one in terms of leading differ- 
ences. When, for instance, the Newton-Stirling 
formula is thus used, the resulting power series, 
carried only through the third central difference, 
appears as 


Ue = Uot €[wdu9— (ud%u0/6) | 


+ (80/2) + €?(ud*u0/6). (1) 
There is no general form for such an equation. 
Hence it cannot be extended to higher differences 
without starting again with the interpolation 
formula (carried to a sufficient number of terms) 
and again multiplying out. The resulting expres- 
sion, carried through the eighth central differ- 
ence, is given in full on page 304 of reference 1, 
and, except for the omission of the seventh and 
eighth degree terms, on page 65 of reference 2. 
In Eq. (1) € is a special abscissa corresponding 
to unit interval and zero value at the center of 
the data. If the original abscissa is x, where 
x=eh+a=e-+a, one first converts the f(e) of 
Eq. (1) to f(e), by dividing the coefficient of each 
e' by. h‘ and replacing ¢« by e. Finally, one con- 
verts from f(e), or f(x—a), to f(x) by a Horner 
shift (synthetic division) of magnitude —a. 
When the abscissa values are unequally spaced, 
and divided differences must be used in setting 
up a polynomial in factorial form (Newton’s 


2E. T. Whittaker and G. Robinson, as calculus of 
observations (Blackie and Son, 1924), pp. 2 
3L. M. Milne-Thomson, The calculus of am differences 
(Macmillan, 1933), pp. 12-14. 
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equation), there is obviously an equation, corre- 
sponding in a general way to Eq. (1), by which 
Newton’s equation may be transformed to a 
power series form. But in the case of divided 
differences, the original abscissa values (i.e., 
values of x) already appear explicitly in Newton’s 
equation, and the resulting form appears as a 
power series in (x—do). Hence only a Horner 
shift of magnitude —dap is then necessary to 
convert to the desired power series in x. 

I have never seen in print such a transforma- 
tion of Newton’s equation to a power series 
form, but Dr. D. C. Kalbfell, while a graduate 
student at the University of California, worked 
out the necessary analytic form. By using the 
notation of symmetric functions he was able to 
give a compact representation of the formula as 
a triple summation, holding for a polynomial of 
any degree. 

The method now to be presented is completely 
general in that it leads directly to a power series 
in x that exactly satisfies a series of points f(do), 
f(a1), ---f(@n), whether equally or unequally 
spaced and regardless of the value of n, without 
the explicit use of any equation whatsoever. 
Furthermore, the necessary calculations can be 
carried out more rapidly than in the case of any 
alternative method. This last fact is indicated by 
the following considerations. 

Let the addition, or subtraction, or multipli- 
cation, or division of two numbers be termed an 
elementary operation. Then if four simultaneous 
linear equations are solved by determinants, 311 
elementary operations are in general involved. 
If the four equations are polynomials in x, only 
235 operations are necessary. If one uses the 
Gauss method, in which repetitions of the same 
elementary operation are systematically elimi- 
nated,* only 62 operations are needed for four 
equations, in general, and 54 operations for four 
polynomials. 

In contrast to the foregoing, the following 
methods employ differences of the original data, 
and the smaller number of required elementary 
operations is due primarily to that fact. If one 
has equally spaced arguments and uses the 
method given in reference 1,5 31 operations are 


4The standard method of solving simultaneous linear 
equations by the successive elimination of unknowns, if 
systematically carried out, is just the Gauss method. 

57.e., a standard table of central differences, then Eq. 
(1), and finally the shifts from f(e) to f(e) to f(x). 
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required. If the arguments are unequally spaced, 
and one uses Kalbfell’s equations, leading to a 
f(x—a@) and then by a Horner shift to the 
desired f(x), 39 operations are required. But the 
method of divided differences with repeated 
arguments requires only 30 elementary opera- 
tions for unequally spaced arguments, and only 
27 operations for equally spaced arguments. 

As already noted, the interpolation formula for 
use with a table of divided differences is known 
as Newton’s equation. If the argument ap in 
such a table is repeated, Newton’s equation 
takes the form of a power series in (x—do) which, 
as proved by Milne-Thomson,? is just a Taylor’s 
expansion. Hence the special divided differences 
appearing as coefficients of (x—ao)‘ are merely 
the respective derivatives of the function at 
x= except for a factor 7! (see Eq. (4) ahead). 

If, now, one extrapolates a table of divided 
differences to x=0, and then repeats this zero 
argument, it is possible to obtain directly the 
desired power series in x. This last point, al- 
though implicit in references 2 and 3, is not 
stated explicitly by either, and possibly for this 
reason seems to have escaped the notice of 
scientists. 

In order to make the new method as clear as 
possible, I first review the meaning of divided 
differences.® One is given +1 entries f(do), f(a1), 
-+-f(a,), with arguments d@o@,- - -adn. Then a table 
of divided differences has the form of Table I. 

The first divided differences are defined by 

f(a0) —f(a1) F(a1) —f(a2) 
——— 


f(a@oa1) =————__,,__ f (azz) 
ao—a, ai—aQ2 


The second divided differences are defined by 
f(@oa1) —f(aia2) , 

dy— 2 

f(a1d2) —f(a2a3) 


a\—-a3 


f(@oa1a2) 


f(a1a2a3) = ~ 0. 


TABLE I. Divided differences. 





f(a) 
flax) 
F(@2) 
f(as) 


f(a0a1) 
f(aia2) 
f(a2a3) 


f(aoa1a2) 
f(@oa1a203) 
f(aia2a3) 





6 See reference 2, pp. 20-28. 
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TABLE II. Divided differences with repeated arguments. 

















a3; f(as) 
f (a2a3) 
a2 = f (az) f(a:a203) 
f(a1a2) f(@0a14203) 
a f(a.) f(a@0a1a2) 
f(a0a1) f(aoaoa1a2) 
ao =f (ao) f(@o0a0a1) 
(dodo) Sf (@0a0a 001) 
do f(a aoa) 
Ff (@0@4 000) 
ado 
In general 
f(@o- + *@n—1) —f (1° + +n) 
f(do- « -dn) = ae eae, 


ag—an 


Such a table can be used to interpolate any 
value of f(x), and the result is given by Newton’s 
equation 


f(x) =f(@o) + (x — ao) f (aoa) 
+ (x — do) (x — 41) f (doasa2) + (x — ao) 
m~ (x -_ a) (x — d2)f(aoa1203) +etc. 


The continuation of this equation is obvious. 

In the extension of a table of divided differ- 
ences by the use of repeated arguments, we 
merely repeat the value of a certain argument a 
specified number of times. This repeated argu- 
ment may be one of the original given arguments, 
or it may be an interpolated or extrapolated 
value, including zero. Furthermore, rearranging 
the order of arguments in a divided difference 
table does not affect the final result. Hence the 
repeated argument can be placed at any point 
in the table. It is normally placed at the top or 
at the bottom of the table. 

If aoa\a2--+ represent ascending values of the 
argument, it is most convenient, for our present 
purpose, to invert the order in Table I and place 
dy at the bottom of the table. Moreover, it is 
customary to designate the repeated argument 
by do although, as noted, a9 may represent one 
of the given arguments, or any other desired 
value. A table of divided differences with re- 
peated arguments then takes the form of Table 
Il. 

The divided differences occurring in Newton’s 
equation (2) then form the ascending diagonal 
f(a@o) to f(aoaia2a3). Those forming the descending 
diagonal f(a) to f(aoaoaoa) are needed for the 


(2) 
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desired power series form 


f(x) =f (a0) + (« — a0) f (odo) + (x — ao)?f (aodoao) 
+(x —d)*f(aoaoaoao). (3) 


If one uses the standard definition of a divided 
difference, each of the divided differences in 
Eq. (3) has the indeterminate value 0/0. But 
as already noted, these quantities may be shown 
to be proportional to the respective derivatives, 
at x=do, and Eq. (3) is, in fact, just Taylor’s 
Expansion. Thus for coincident (i.e., repeated) 
entries 


F(@odo: * +o) =f" (ao) /(n—1)!, (4) 


where f‘"-» is the (~—1)st derivative of f(x) at 
the point do.° 

The standard use of a table of divided differ- 
ences is to obtain an interpolated or extrapolated 
value of the function. Since the first step in the 
direct use of the table to obtain the function in 
power series form consists in just such an opera- 
tion, we first illustrate it. To obtain the desired 
numerical result we may make an explicit substi- 
tution in Newton’s equation (2). We may also 
perform the necessary calculations directly in 
the table of differences, and it is this latter form 
of procedure that represents the first step in 
setting up the power series form. 

Let us assume the following set of four entries, 
unequally spaced, which may obviously be 
satisfied by a third degree polynomial, 


x= 3 4 6 9 
y=26 53 173 608 


As a first problem we evaluate y for x =2. 

For all processes discussed here, it is conveni- 
ent to invert the order of arguments, placing the 
smallest argument at the bottom of the table. 
It is also convenient to reverse both the numer- 
ator and denominator, in each divided difference, 
in order to obtain positive quantities in the case 
of an ascending function. The result is Table III, 
in which the calculation of each divided differ- 
ence is shown in detail. 

Newton’s equation (2) uses the backward di- 
agonal based on do, consisting of the numbers 26, 
+27, +11, +1. Thus Eq. (2) becomes 


f(2) = 26+ (2—3)(+27)+(2—3)(2—4)(+11) 
+ (2—3)(2—4)(2—6)(+1) = +153. 


(5) 


REPRESENTATION OF A SERIES OF POINTS 


The second method consists of the direct use 
of Table III, and the new quantities thus calcu- 
lated are given in italics. The basis of every 
interpolation formula is the assumption that a 
certain order of difference is constant. Here the 
single known third difference is assumed con- 
stant, in order to obtain the desired extrapolated 
value. We thus obtain the italic +1 in the last 
column. From its definition, this quantity results 
from the division of ‘‘something”’ (indicated by 
a star) by (6—2). Hence the ‘“‘something”’ is +-4, 
which is placed in the second difference column 
and subtracted algebraically from +11 to get 
+7. This second difference, in turn, must result 
from “something” divided by (4—2). We thus 
get +14, which is placed in the first difference 
column and subtracted from +27. Continuation 
of the process yields f(x) =f(2) = +13. 

We now use the same set of entries, but 
calculate the resulting third degree polynomial 
in power series form (Solution 1) and also in five 
other possible forms. This variety of possibilities 
results from the fact that the symbols aaid@2 of 
Newton’s equation can be identified in any 
desired way with the given arguments. In fact, 
if the series of repeated arguments, all labelled 
a in Eq. (3) and in Table II, are labelled 
respectively do@:d@2 etc., then Eq. (3) becomes 
identical with Newton’s equation (2). Hence 
Eq. (2) can be used for any sort of calculation, 
by merely identifying aoaia, etc., with the 
appropriate numerical arguments. 

To obtain the result directly in power series 


TABLE III. Evaluation of y for x=2. 





Argu- 
ment 


First 
difference 


Second 
difference 


Third 


Entry difference 


608 
(+3) (+435) 


a3=9 
+435 _ 
173 


a2=6 


(+85) 


+120 


= +60 
a,=4 53 (+33) 
(+1) =+27 


ao=3 26 


(+27) 


+27 
+1 


(+14) 
=+13 


* 


(+1) (+13) Fi 


x=2 a 
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form, the repeated argument must be zero, and 
the first step in the process is to evaluate the 
function for x=0. We then repeat the (assumed 
constant) mth divided difference m additional 
times and use the numerical process just outlined 
to calculate the various needed divided differ- 
ences—here f(do@o@0), f(adodo), and f(ao) of Eq. 
(3). As before, all such calculated values are 
shown in italics, in Table IV, with the table of 
divided differences resulting directly from the 
given entries shown in Roman characters. 

The desired power series form may be obtained 
directly from Eq. (2) by identifying the three 
repeated arguments with do, a1, and ds, respec- 
tively. We thus get a solution that uses the 
lowest diagonal and yields, from Eq. (2)—or 
from Table II and Eq. (3)— 


Solution (1) y=f(x)=5+4x—2x?+x%. (6) 


The main purpose of the paper is to outline 
this very rapid and convenient way of obtaining 
the desired Eq. (6). Examination of Table IV 
shows that only 18 elementary operations are 
performed on the Roman numerals, and 12 on 
the italicized numerals, giving a total of 30, as 
already stated. If the repeated argument has a 
finite value do in place of zero, there are 6 
additional elementary operations, leading to a 


TABLE IV. Power series solution. 





Solutions 


First 
twgsF?¢ 24-2 9 


difference 


Second 
difference 


Third 
difference 


a3 a2 9 608 
+435 


i a 


(+85) 


+120_ 
=? 


(+3) (4-435) 


+85 _ 
gaat? 


6 173 


(+2) (+120) _ (+6) 


+33 


4 53 (+33) t3 +11 


+27 


CH) 497) Sp=+ 7 


3 26 (+20) 
(+8) (+21) 


0 +6 
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power series in (x—do). Finally, if the arguments 
are equally spaced, only 27 elementary opera- 
tions are needed to derive a third degree power 
series in x. 

The remaining possible five forms of this same 
power series, which exactly satisfies the given 
entries, are obtained by direct substitution in 
Eq. (2), by identifying the several numerical 
arguments with the doa, and a, of that equation, 
in the ways indicated in Table IV. Note that a; 
occurs only in connection with the final divided 
difference, f(@oa1a2a3). 


Solution (2) 
y = 264+7(x—3)+x(x—3)+2x?(x—3). (7) 
Solution (3) 


y =53+27(x—4)+5(x —4)(x—3) 
+x(x—4)(x—3). (8) 


Solution (4) 
y=54+7x+5x(x—3)+x(x—3)(x—4). (9) 
Solution (5) 

y = 26+27(x—3)+11(x—3)(x—4) 


+(x—3)(x—4)(x—6). (10) 
Solution (6) 
vy =53+60(x—4)+17(x—4)(x—6) 
+(x—4)(x—6)(x—-9). (11) 


Solution (5) is the ordinary polynomial in 
factorial form, as used for interpolation. It has 
already been evaluated in Eq. (5), for x=2. 
The other four solutions are of little practical 
value and are given merely to indicate the 
inherent possibilities of Table IV. The two 
important solutions are (1) and (5). The only 
form of solution not illustrated by Table IV is 
the power series in (*—dao). Such a power series 
is obtained by using ad» for the repeated argu- 
ment, in place of zero, and carrying out the same 
series of operations in Table IV. 

In conclusion it may be noted that Eq. (2) is 
the basis of all solutions. But in the case of 
Solution (1), the resulting form of the equation— 
i.e., Eq. (3)—is so simple that there is nothing 
to memorize. The lowest diagonal of an extended 
table of divided differences, such as Table IV, 
gives directly the respective coefficients of the 
power series in x, regardless of the degree of the 
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polynomial. This is the basis of the statement 
made earlier that no equations are explicitly 
needed for the method advocated here for setting 
up a power series in x. Another very real ad- 
vantage of the method results from the fact that 
it deals always with differences and hence leads 
in general to considerably smaller numbers than 
does a straightforward elimination of successive 
unknowns (Gauss method). Thus in the sample 
problem just given, the 54 numbers resulting 
from the 54 elementary operations of the Gauss 
method average 108.39, whereas the 30 numbers 
in Table IV, resulting from the 30 elementary 
operations shown in that table, average only 
35.60. 

An entirely obvious extension of the foregoing 
method for setting up a power series in x is to 
the case of the evaluation of derivatives, based 
on a given set of data. One can find in the 
literature more or less complex expressions for 
the first, second, third, etc. derivatives, in terms 
of (a) finite leading differences, (b) finite central 
differences, and (c) divided differences.’ The 
divided difference formulas are particularly in- 
volved, but such formulas must be used when 
the entries are unequally spaced. One may, 
however, avoid the use of any and all of these 
formulas by merely setting up the appropriate 
power series in x and differentiating it. As an 
example, if one has a set of five entries, a fourth 
degree power series in x will yield derivatives of 
various orders that are just as accurate, for a 
point close to the center of the set, as the 
published analytic formulas for the respective 
derivatives, carried through the fourth finite 
difference. 

In the case of numerical integration, the 
standard methods given in the literature (New- 
ton-Cotes formulas, and remainder type for- 
mulas) correspond just to the setting up of an 
appropriate power series in x and its integration 
between defined limits. If the entries are equally 
spaced it is undoubtedly simpler to make direct 
use of the published formulas. But when the 
entries are unequally spaced—a case that is 
normally not even mentioned—one may solve 
the problem quite simply by setting up a power 
series in x (as in Table IV) and integrating it. 


7 Reference 2, pp. 62-63, pp. 64-65, and pp. 66-68 
respectively. 





The Physicist and Scientific Method 


WILLiAM H. GEORGE 
Chelsea Polytechnic, London, S.W. 3, England 


CIENCE is both a body of knowledge and 
also a type of action. Scientific method deals 
with this latter aspect of science. Using military 
terms, President Conant has called it “the tactics 
and strategy of science.’”’ The physicist as such 
is not uniquely concerned with scientific method. 
But neither is the chemist nor is any worker in 
the biological sciences. For that reason alone 
the study of the subject is apt to be neglected by 
the very workers who by their typical actions as 
physicists or chemists or biologists practice it 
most assiduously. It may be that those who can, 
do and those who cannot, teach. But if so, do 
they teach scientific method? 


In the analytical subject indexes of the 


American Journal of Physics provision is made 
for a section on scientific method. Nevertheless, 
in the most recent volume, No. 16 for 1948, there 
is not a single entry under this heading in spite 
of the fact that articles are indexed on analyses 


of the contents, rather than on the mere titles. 
The purpose of the present article is to direct 
attention to a subject highly relevant to both 
the training of research students and to the 
presentation of science to the nonspecialist 
student. Co-operation is also sought from other 
workers interested in the development of the 
subject. It should be distinctly understood that 
although this discussion is confined to physics, 
from the very nature of scientific method, 
parallel discussions apply to each of the sciences. 

For clarity and brevity a series of isolated 
statements will be made and then we will try 
to fit them into a unified whole. 


(1) The majority of students who pass 
through the physics department of a college 
or university do not become physicists. 

(2) The reputation of a physics depart- 
ment depends upon its research. Yet tue 
few exceptionally brilliant research students 
are the very students who are least depend- 
ent upon methods of study or teaching. 
They take to research as a duck takes to 
water. Unfortunately, these ‘‘natural’’ re- 
search workers who are fertile in physics 


are too few to satisfy the needs of present- 
day civilization. They must be aided by the 
work of many more of the less creative 
workers who, in their turn, are far more 
dependent upon training. 

(3) If scientific action ‘‘comes natural” to 
a research worker, he may have no conscious 
knowledge of scientific method and may, 
therefore, have no interest in the subject. 
Striking exceptions in physics are Newton, 
Faraday, and Helmholtz, to mention only 
three who have written very clearly on 
scientific method. 

(4) Teaching is still an art rather than a 
science. Nevertheless, insofar as present 
knowledge goes ‘‘transference of training”’ 
(or whatever phrase the reader prefers) is 
favored, if it occurs at all, when the student’s 
attention is specifically directed to the thing 
to be transferred. That is to say, ‘‘exposure”’ 
of an average student to the subject matter 
of physics does not, in itself, favor the 
development of scientific action. Unless his 
attention has also been continually directed 
to the character of those actions which are 
typically scientific, his knowledge of the 
facts, the experimental and the mathe- 
matical techniques of physics will be no 
guarantee that he has conscious knowledge 
of scientific method. 


Before adding to this set of isolated statements 
let us consider the first two together. Because of 
statements (1) and (2) it follows that the bulk of 
the work of a physics department is outside the 
work on which its reputation is based; that is, 
it is not concerned directly with the production 
of brilliant research physicists. Why then are all 
these students ‘‘exposed”’ to physics? One justi- 
fication relates to science as a body of knowledge. 
They live in a world of applied science and will, we 
hope, use physical appliances more efficiently if 
they know something of the physical principles 
involved. Also, as responsible citizens in a de- 
mocracy they will see the necessity for supporting 
the research upon which applications are based. 
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But what of the other aspect of science? Is the 
physics so taught that the student not only 
knows some physics, but that he also knows and 
applies the tactics and strategy of science? The 
answer’ to this question is, undoubtedly, no. 
After taking the average course in college physics 
the student is no more scientific than he was 
before. Such a statement does a grave injustice 
to the few exceptional courses which depend 
upon the special qualities of certain physicists 
well known to readers of this journal. But the 
majority of physics courses leave the students 
with a knowledge of varying quantities of physics 
but with no conscious knowledge of scientific 
method. 

At this stage of the discussion addition will be 
made to the list of isolated statements. 


(5) In the absence of any large scale 
experiments on the subject an open mind 
must be kept, but probably the most effi- 
cient method of training students to use 
scientific method, in action, is to teach the 
subject in association with one or more of 
the sciences or at least in association with 
some body of knowledge in which it is 
applied. 

(6) The majority of physics students are 
given no specific instruction in scientific 
method. Where courses are offered at all 
they are given in departments of philosophy 
and are not normally taken by science 
students. 

(7) Research workers are not necessarily 
scientific outside the laboratory. On the 
average, in subject matter outside the field 
of specialization they are neither more nor 
less scientific than the average citizen. 


By critics of science and by some professional 
scientists, statement (7) is used as an argument 
against the cultural value of physics or of any 
other science. In effect they say that a science 
course has no other educational use but to give 
the student some particular technical knowledge. 
But statement (4), combined with statement (6), 
gives precisely the observed result. To teach 
physics-without-scientific-method is a policy we 
should use if we had no particular desire that 
the student should learn anything about scientific 
method. We fail to direct the students attention 
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to the tactics and strategy of science and on his 
part he reciprocates by giving no attention to it. 
The wisdom of the proverb tells that you can 
lead a horse to water, but you cannot make him 
drink. Under present conditions we omit to 
follow even the first part of the advice. 

The main conclusions so far reached are that 
firstly, physics teaching does not make the 
students scientific, and secondly, that this result 
ts to be expected from the nature of the teaching 
and from present day knowledge of educational 
technique. The remedy is suggested by statement 
(5) which leads to the second part of our discus- 
sion. If scientific method is to be taught its 
character must be analyzed so that general 
agreement is reached on what is to be combined 
with the teaching of physics. 

Here clarity and brevity will be helped by 
consideration of two more isolated statements. 


(8) All the standard treatments of scien- 
tific method in all languages are based on 
philosophy and most of them are written by 
authors having no experience of scientific 
research. 

(9) Asa working basis of definition usable 
in action, a philosophical statement is taken 
to be one necessitating the use of one or 
more of the four words truth, reality, exist- 
tence, values (beauty, goodness, etc.), or any 
of their grammatical derivatives. For the 
past 2000 years the most powerful intellects 
have been working upon philosophy as here 
defined and have reached complete disagree- 
ment in all the main topics. For any one 
“result’’ reached by one eminent philoso- 
pher, the opposite ‘result’ has been 
reached by some other equally eminent 
philosopher. 


The relevance of statements (8) and (9) to the 
present discussion cannot be too strongly empha- 
sized. As Faraday never tired of saying through- 
out his life ‘‘Facts are the foundation of science.” 
Facts, and therefore the bases of science, are in 
practice based upon agreement. Philosophy, as 
here defined, results in disagreement. Two spe- 
cific examples are particularly relevant for 
physicists. Firstly, when mathematical physicists 
of the caliber of Eddington and Jeans mix physics 
with philosophy their results are still heavily 
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criticized by professional philosophers. Secondly, 
the question ‘‘Can quantum-mechanical descrip- 
tion of physical reality be considered complete?” 
would, on the present definition, be considered 
philosophical. The result of a discussion between 
Einstein and Bohr' is disagreement. 

Philosophy and logic alike are critical rather 
than creative. Whilst they may provide wisdom 
after the event, they give little help in creative- 
ness. The more a piece of research is creative the 
-more we physicists like it. Now whatever else 
it may be, scientific method is the technique of 
research. Scientific method is the tactics and 
strategy of scientific research. If we are interested 
in scientific action, then we must teach students 
not only physics, but also scientific method. To 
teach scientific method we must first find out 
what it is. The search must be scientific. Phi- 
losophy with its wordy confusion is associated 
with inaction. Hence, to study scientific method 
through philosophy alienates the research work- 
ers mentioned in statement (3) and yields a 
product tending to promote contemplative inac- 
tion in these students whom it does not confuse. 

At the present time the United States is 
particularly well adapted for such a study. The 
President’s Scientific Research Board has called 
for systematic investigation of the training of 
scientists and the Cooperative Committee on 
the Teaching of Science and Mathematics of the 
A.A.A.S. has recommended that means should 
be found for older scientists ‘‘to refresh their 
scientific spirit, and to study new methods of 
science education and research in new environ- 
ments.” 

The long range program specifies ‘‘Compre- 
hensive investigations should be undertaken to: 
—(1) determine the concepts and principles of 
science and mathematics essential to an adequate 
program of general education.”’ In Europe atten- 
tion is largely focused on getting the prime 
necessities of life. Even in England a physicist 
ordering laboratory equipment may well get a 


1 A, Einstein, B. Podolsky and N 


. Rosen, Physical Rev. 
47, 777 (1935); 


N. Bohr, Physical Rev. 48, 696 (1935). 


AND SCIENTIFIC METHOD 


203 


request for a statement of how much of the 
equipment is for export. Under such conditions 
little effort is available for a study so far removed 
from the prime necessities of life, or of war. The 
“‘college’’ course with its vigorous experiments 
in teaching science to the non-scientist student 
provides a vast field for study unavailable in 
Europe where science students are trained for 
professional work only in science. 

In conclusion it should be noted that this 
discussion is in no way dependent upon the 
writer’s own particular views stated elsewhere,” 
on the nature of scientific method. If the sug- 
gestions were adopted and the reader decided to 
teach scientific method in association with phys- 
ics, he would still have to decide what was the 
nature of scientific method and what features of 
it could be incorporated into his own treatment 
of physics. Furthermore, the proposals would 
harmonize with all the varied methods now being 
used to teach physics. Scientific method could 
be incorporated as well into a historical as into 
a logical treatment of physics, to mention only 
two extreme types. It might be used as a unify- 


ing or integrating principle in elementary survey 
courses. At the other end of the scale little harm 
would be done to the advanced graduate student 
who proposed to spend the rest of his life working 
in theoretical physics if he spent a little time stud- 
ying, for example, the characteristics of theories. 
The advanced experimental student vigorously 


engaged in establishing the ‘“‘existence’’ of the 
latest fundamental particle might relax for a 
few hours to study how some predecessor estab- 
lished the existence of say, the aether—at least 
to the satisfaction of his generation. 

To show how specially suited is the subject of 
physics to the study of scientific metHod would 
need a further discussion which it is hoped to 
present later. 


* W. H. George, The scientist in action: a scientific study 
of his methods (New York, 1938). This book is too long 
winded for general use, but contains a summary at the 
end. The writer would be very grateful to hear from any 
readers interested in the scientific study of scientific 
method. 


If you have had your attention directed to the novelties in thought in your own lifetime, you will 
have observed that almost all really new ideas have a certain aspect of foolishness when they are first 
produced, and almost any idea which Joes you out of your current abstractions may be better than 


nothing. —A. N. WHITEHEAD. 





An Experimental Approach to the Paraxial Properties of Lens Systems 


F. D. CruICcKSHANK 
University of Tasmania, Hobart, Tasmania 


HE general paraxial theory of lens systems 

constitutes an essential part of any study 
of optics. In the normal university course it is 
important to provide a sound basic knowledge 
of paraxial optics irrespective of the level to 
which the further study of lens systems may be 
carried, while for the few whose work will lie in 
the field of technical optics it is very obviously 
a basic element. Although much has been written 
in connection with the teaching of this and of 
other sections of optics, there is still need for 
improved presentation. The Physical Society’s 
Report: paid little attention to the experimental 
side of the problem. The writer has had occasion 
to consider this aspect in some detail, and the 
following description of an experimental study 
of the paraxial properties of lens systems may be 
found of interest to other teachers of physics. 

In writing this paper it is specially in mind to 
illustrate a method of teaching experimental 
physics in the junior undergraduate laboratories 
which has been developed with considerable 
success in the University of Tasmania during 
the past eleven years. The method aims at the 
introduction of something of the atmosphere of 
research laboratory into the teaching laboratory, 
and is described in detail in an earlier paper.” 
In the study of the paraxial properties of lenses 
in the first year course the writer has found it 
profitable to introduce students to the problem 
by means of experimental work with a thick lens, 
or lens system, of positive power. Such a system 
is no more difficult to handle experimentally 
than a thin lens, and the general results are more 
useful. The thin lens may be considered later as 
an easy special case. The work is presented to 
the students in the form of a series of problems 
for investigation which develop normally one 
from the other. 


1. Study of the Projected Images Formed by a 
Lens System 

The property of the lens system which first 

attracts attention is its ability to project an 


1The Physical Society, Report on the teaching of geo- 
metrical optics (London). 
2F, D. Cruickshank, Am. J. Physics 17, 15 (1949). 


inverted image of a bright object onto a piece of 
white card or other suitable screen. Using the 
lens system and a ground glass screen we can 
project onto the screen images of bright objects 
in and beyond the laboratory. For near objects 
it is convenient to use an optical bench, with an 
illuminated graticule as the object, to investigate 
the changes in the position and size of the image 
as the object is moved. We notice during these 
preliminary experiments that for each object 
position there is one corresponding screen posi- 
tion for which a sharply focused image will be 
formed. Images of a distant cloud, or the sun, 
can be projected on the screen by the lens. It is 
thus evident that there is no maximum distance 
of the object from the lens for which an image 
of it can be formed on the screen by the lens. 
As we move the object towards the lens the 
projected image recedes from the lens, increasing 
in size, and it is possible to continue this process 
until, finally, the image may be projected onto 
the opposite wall of the laboratory. It would 
seem just to infer that this trend would continue 
until the image was formed at a very great 
distance and have a very great size. 

These preliminary observations suggest several 
matters which can be investigated quantita- 
tively, the most obvious being (i) the relation 
between the positions of the object and its image 
relative to the lens system, (ii) the relation 
between the size of the image and its position 
relative to the lens, and (iii) the relation between 
the size of the image and the position of the 
object relative to the lens. The experimental 
determination of the position and size of the 
image for various object positions will provide 
observational data from which the character of 
these relationships may be deduced. 

As a first step towards the elucidation of these 
relationships we plot whatever graphs we can 
from the experimental data obtained as it is 
easier to derive information from graphs than 
from columns of numbers. It is convenient to 
deal with the image size by using the ratio of 
the image size to the object size, which we call 
the magnification m’ of the image. Our experi- 
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ments show that m’ increases with the distance 
l' of the image from the back surface of the lens, 
and decreases with the distance / of the object 
from the front surface of the lens. These observed 
trends suggest making the plots shown in the 
lines marked (a) in Figs. 1 and 2. In Fig. 1 the 
graph has been extrapolated to cut the /’ axis 
at a point for which /’=10.29 cm which is the 
image distance for zero magnification. This 
extrapolation is clearly legitimate, for the de- 
creasing m’ values correspond to increasing 
values of 1/m’ which are shown in Fig. 2 to be 
associated with increasing distance of the object 
from the lens, and thus represent a continuation 
of the experiment to greater object distances. 
Zero magnification appears as the limiting value 
of m’ as the object becomes infinitely distant, 
so that the intersection point /’=10.2) cm, thus 
defines the position of the image for an infinitely 
distant object. Similar reasoning shows that the 
extrapolation in Fig. 2 is legitimate and that the 
intersection point /= 12.49 cm specifies the object 
position corresponding to a projected image 
infinitely large compared with the object, and 
infinitely distant. 

It is useful to summarize the preceding matters 
diagrammatically, and this is done in a part of 
Fig. 3. In this diagram J and I’ are infinitely 
distant axial points, and F and F’, usually called 
the first and second focal points, are the axial 
intersection points, /= 12.49 cm and /’=10.29 cm. 
For small plane objects anywhere between J and 
F, which we may call the region Si, a projected 
image will be formed by the lens at some position 


MAGNIFICATION OF IMAGE (m’) 


DISTANCE OF IMAGE FROMBACK SURFACE OF LENS IN CM (¢’) 


Fic. 1. Relation between the magnification of the 
paraxial image and its distance from the back surface of 
a thick lens. Line a for real images; line b for virtual images. 


between F’ and I’, the region S,’. Thus we gain 
the concept of two regions of space associated 
with the lens, an object region and an image 
region, the boundaries of which intercept the 
axes of the lens at different distances on either 
side of the lens, but extend to infinity along the 
axis away from the lens. The equations of the 
straight lines may now be written down, if 
desired, but it is easier to proceed graphically 
for the present and consider the algebraic 
relations later. 


2. Study of the Virtual Images Formed by the 
Lens System 


It is natural to inquire now whether there is 
any process of image formation when the object 
is placed nearer to the lens than the point F. 
When this is investigated on the optical bench 
we find that if the graticule is between F and 
the first surface of the lens (region S:), we can 
see an image of it on looking towards it through 
the lens. That it is an image is quite clear from 
the fact that it changes in size as the position 
of the object is varied. We should now investi- 
gate the extent of the region, S»’, in which these 
virtual images are formed, and endeavour to 
determine the relations between the image and 
object positions and the magnification. The 
problem now arises as to how a virtual image is 
to be located and its size measured when its 
essential property is that it can be seen on 
looking through the lens. The logical solution 
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RECIPROCAL OF MAGNIFICATION OF IMAGE (4n‘ 


DISTANCE OF OBJECT FROM FIRST SURFACE OF LENS INCM (¢) 


Fic. 2. Relation between the reciprocal of the magnifi- 
cation of the paraxial image and the distance of the real 
object from the first surface of a thick lens. Line a for 
real image formation; line b for virtual image formation. 
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Fic. 3. Diagram showing the subdivisions of the object space and the corresponding subdivisions of the image space 
for the thick meniscus lens. 


of this problem is described by Scott,’ and it is 
an interesting indication of the value of the 
method of teaching being illustrated that this 
new and effective method of experimenting with 
virtual images arose directly from the investiga- 
tions of a first-year class faced with this very 
problem. 

Experimenting in this way we obtain a set of 
data from which the lines marked 6 in Figs. 1 
and 2 are plotted. It is clear that the line may 
be extrapolated to cut both axes in Fig. 2 as 
these intersection points define the limits of the 
region S»_ which is being investigated. In Fig. 1, 
however, although extrapolation is legitimate 
indefinitely in the direction of increasing /’ and 


m’ values, it is valid only for a limited distance 
in the opposite direction, i.e., until the image 
position corresponding to the object position 
l=0 is reached. From Fig. 2 we have /=0, 
1/m’ =1.04, whence m’ =0.96, and the extension 
of the line 6 in Fig. 1 ends therefore at the 
point m’=0.96, /’=1.45. The image region S,’ 
thus extends along the axis in front of the lens 
from infinity up to a point inside the lens distant 
1.45 cm from the back surface, or 0.89 cm from 
the front surface, the thickness of the lens being 
2.34 cm. These findings are now added to the 
diagram of Fig. 3 by showing the extent of S, 
and oe. 


At tt | 


2B. I. H. Scott. Am. J. Physics 17, 209 (1949). 


Fic. 4. Plot of the magnifica- 
tion m’, of the paraxial image 
versus the distance in cm lI’, of 
the image from the back surface 
of the lens, using the sign con- 
vention. Segments (1) to (3) are 
from the first three stages of the 
investigation. 
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3. Need for a Sign Convention 


It is an aim in physical science to reduce the 
statement of relationships between physical 
quantities to the fewest number and the simplest 
form. The parallelism of the lines in Fig. 1 and 
the common intersection point in Fig. 2 suggest 
at once that collinearity in each of the graphs 
may be achieved by the adoption of a sign 
convention, and thus a single relation may be 
found to connect the pairs of variables in both 
sets of experimental observations. Introducing 
for the object specification a rectangular coordi- 
nate system with its origin at the pole of the 
first surface and the / axis along the optical axis 
of the lens, and for the image specification a 
similar system with its origin at the pole of the 
last surface of the lens, a replotting of the data 
of the two experiments gives the collinear seg- 
ments marked (1) and (2) in Figs. 4 and 5. To 
be led to the adoption of a sign convention as a 
practical requirement emerging naturally from 
simple experiments is of considerable interest to 
the student, for this very matter has introduced 
much obscurity and confusion in the teaching of 


Fic. 5. Plot of the reciprocal 
of the magnification 1/m’ of the 
paraxial image versus the dis- 
tance in cm / of the object from 
the front surface of the lens, 
using the sign convention. Seg- 
ments (1) to (3) are from the first 
three stages of the investigation. 


geometrical optics in the past, to which the 
amount of attention given to this point in the 
Physical Society’s Report! bears adequate wit- 
ness. It is an easy matter to introduce any 
particular sign convention at this stage by the 
appropriate twist in the argument. 


4. Completion of the Space Diagram 


A study of the space diagram at this stage 
shows that no images have been located as yet 
between the boundary at 5,’ inside the lens and 
the second focal point, F’. C orrespondingly there 
is a gap in the graph in Fig. 4, while in Fig. 5 
the graph does not cross the 1/m’ axis. These 
matters suggest a further investigation as to 
whether image formation is possible in this 
region. One method of proceeding is to assume 
tentatively that image formation is possible and 
that it will lead to extension of the linear graphs. 
The consequences of this assumption are then 
examined and put to experimental test. Pro- 
ceeding in this way we predict from the graphs 
that if images are formed between the back 
surface of the lens and F’ they should be real 
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and upright with a magnification less than unity, 
and that the corresponding object positions 
should be behind the front surface of the lens 
system. This must clearly involve the use of 
virtual objects. Testing this experimentally we 
arrange an auxiliary lens to form a real image of 
the graticule on the bench. If, now, we interrupt 
the pencils of light, which form this real image, 
during the path of their convergence by inter- 
cepting them on the front surface of the experi- 
mental lens, then the plane array of points to 
which they would have converged if allowed to 
do so is the virtual object for the experimental 
lens. By this means it is possible to produce real 
images in the region, S;’, between the back 
surface of the lens and F’. These observations 
add the segments marked (3) to the graphs of 
Figs. 4 and 5. Examining the matter of extrapo- 
lation in this case shows that the virtual object 
region S3 associated with the image region S;’ 
extends from /=1.75 cm to infinity, and these 
regions are then added to the diagram of Fig. 3. 

It is now clear from the remaining gaps in the 
graphs and in the space diagram that there is 
one further stage of investigation in which we 
would expect that for virtual objects inside the 
lens between the pole of the first surface and 
boundary of S; the lens would form virtual 
images between the boundary of S,’ and the 
pole of the last surface of the lens. The investi- 
gation of these regions calls for some very good 
experimenting on the part of the student, and 
one or two points suffice to complete the graphs, 
and thus the space diagram also. 


5. Equations of the Graphs 


Having completed the investigation of the 
image-forming properties of the lens we should 
write down the algebraic statement of the rela- 
tions between the physical quantities investi- 
gated. Careful measurement shows that the 
slopes of the two straight lines in Figs. 4 and 5 
are opposite. Denoting these by + C, and using 
the symbols /; and /,’ for the distances of F and 
F’ from the poles of the first and last surfaces 
of the lens, we have for the equations of the lines 


m’ = — C(l’—1,’) (1) 
1/m’ = C(l—1,). (2) 


. 
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Elimination of m’ from these two equations gives 


(1, )(I-l) = -1/C, (3) 


which is the equation to the hyperbola obtained 
by plotting /’ against /. It is obvious that simple 
changes of variable will simplify these expres- 
sions. Thus, putting x=/—l,;, and x’=l'-l,’, 
we obtain 

m' = —Cx’, (4) 


1/m’' =Cx, (5) 
and 


xx’ = —1/C?. (6) 


The quantities x and x’ are simply the object and 
image distances measured along the axis of the 
lens from the points F and F’ instead of from 
the poles of the surfaces of the lens. 

Equations (4) to (6) show that, provided we 
use the focal points as origins for the measure- 
ment of the object and image distances, the 
image-forming properties of the lens may be 
described in terms of a single constant C. This 
must be an important quantity characteristic of 
the lens. Equation (4) shows that the magnifica- 
tioh of the image depends only on the value of 
C and the distance of the image from the second 
focal point. The greater the value of C, the 
greater the magnification of the image produced 
at a specified distance from the second focal 
point. Hence, if we regard the function of the 
lens to be the production of magnified images of 
an object, it is reasonable to say that of two 
lenses the one which produces the image of 
greater magnification at a specified distance from 
its second focal point has the greater power. 
Thus C may be regarded as a measure of the 
power of the lens system. On account of the 
often small value of C in terms of the reciprocal 
centimeter, it has been found convenient to use 
the reciprocal of C explicitly also. We define 
the focal length f’ of the lens as 


f'=1/C. (7) 


In terms of the focal length, Eqs. (4) to (6) take 
the more usual form 


m’ = —x'/f', (8) 
1/m' =x/f’, (9) 


(10) 





EXPERIMENTING WITH VIRTUAL 


6. Conclusion 


It is found that once a student has made an 
investigation along these lines he is competent 
to undertake the systematic investigation of any 
other lens system with little or no assistance. 
In the writer’s classes this problem is often 
followed by assigning to the student for unaided 
solution a problem such as the investigation of 
the object-image space relationships of a lens 
system of negative power. The fact that a first- 
year.student can confidently undertake such a 
piece of work is evidence of the value of an 
experimental approach of the kind just outlined. 

The problem described requires about fourteen 
to sixteen hours of laboratory class time. It may 
be considered that this is too much to devote to 
the properties of lens systems. If, however, we 
analyze the training content of the problem it 
will be found to be very considerable. There is 
a range of experimenting which begins at an 
easy stage and increases in difficulty as the 
problem advances, calling for quite some skill at 
the end. The adjustment and alignment of the 
components of the optical systems used, distance 
rod calibrations, etc., all involve adequate ma- 
nipulative exercise. There is scope for practice 
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in accurate measurement and repetition of ob- 
servations, and it may be of interest to state 
that the reproducibility of the focusing opera- 
tions is such that the average deviation from the 
mean of a series of readings is about 0.25 percent 
of the image distance. Thus good linear graphs 
are possible. The problem also affords sound 
training in graphical technique, the point of 
limited extrapolation being an instructive one. 
finally, there are concepts involved, such as the 
virtual image and object, which call for clear 
thinking and precise statement in the discussions 
which take place in the class. Our experience 
has shown this piece of work to be an excellent 
training problem in the first year. It is normally 
followed by a theoretical course in which the 
geometrical theory of lens systems for the par- 
axial region is developed, thus keeping the two 
elements of the scientific method, experimental 
observations and a theory developed to explain 
them, in their right relation. The lenses used 
are worked in the laboratory workshops to 
careful specifications, with the result that com- 
putations based on the geometrical theory con- 
firm the experimental findings accurately, which 
is a source of considerable satisfaction to the 
student. 


Experimenting with Virtual Images 


Bruce I. H. Scott 
University of Tasmania, Hobart, Tasmania 


HE difficulties involved in experimental 

work with virtual images are well known. 
It is intended to describe in this paper a method 
of locating and measuring the size of a virtual 
image which should be of interest to teachers of 
elementary optics. The method, apparently little 
known, is simple and accurate, and has been 
used for some time in junior classes at this 
university with success. 


1. Description of the Method 


For the present method it is to be emphasized 
that the virtual image produced by an optical 
system can be seen on looking through or into 


the system. The process of seeing involves the 
projection by the lens system on the retina of 
the eye of a real image of this virtual image. 
Hence the following procedure is suggested :— 


The lens system A in Fig. 1(i) produces a virtual image 
I of an object scale, or graticule O. This image is used as 
an object for an auxiliary converging lens B, the position 
of which is adjusted until a clear image is formed on a 
ground screen S. An elementary study of lens properties 
will show that there is only one object position corre- 
sponding to each image position. Thus the position of J 
can be found very simply by removing lens A and moving 
O until a clearly defined image again appears on the screen. 
(See Fig. 1(ii).) Object scale O must now be in the position 
previously occupied by the virtual image J, and its location 
involves only one measurement. 





BRUCE I. 


(ii) 


Fic. 1. Illustrating the experimental procedure in the 
new. method. The auxiliary system (B and S) has as 
object (i) the virtual image J, and (ii), the object graticule 
O. 


The magnification of the virtual image formed 
by the system A can be measured without 
difficulty. The object of the auxiliary system is 
first J, then O, and the ratio of the sizes of the 
images formed on the screen is the ratio of the 
sizes of J and OQ; i.e., the magnification of the 
virtual image J. 

For accurate experimental work the object 
graticule shown in Fig. 2 has been found most 
suitable. It consists of concentric circles, with a 
central mesh of fine lines to aid focusing. This 
was made photographically on a lantern slide 
from a negative ruled on a blackened slide by 
means of a pantograph. The focusing screen 
was ground with fine emery (A.O.C. 303). A 
glass millimeter scale made in the same way as 
the graticule and held against the ground glass 
surface by a clip allows accurate measurements 
of the diameters of the rings in the image to be 
made. 

The images produced by simple laboratory 
lenses usually have considerable aberration. The 
present method is not impeded by stopping 
downs the lens to an aperture at which spherical 
aberration is negligible, and much of its success 
is due to this fact. Distortion should not seriously 
affect the magnification measurements if the 
object is kept reasonably small. A considerable 
amount of curvature of field is tolerable provided 
care is taken to focus at the axial point of the 
image. 

It is realized that this method is a variant of 
the more widely known telemicroscope method 
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mentioned later in the paper. However, its 
greater simplicity makes it much more suitable 
for junior classes. It can easily be adapted for 
locating virtual images in mirrors. Students 
appear to have no difficulty in understanding or 
using the method if the auxiliary system is 
introduced to them as an experimental eye. It 
can be pointed out that the human eye cannot 
be used in the same way with any accuracy as 
the power of its lens is variable, and objects 
placed anywhere in a wide range of positions 
tend to be focused sharply on the retina. 


2. Other Methods of Locating Virtual Images 


At this stage it is of interest to outline other 
methods of locating virtual images in common 
use. 

(a) An experimental ray trace-——From an ex- 
amination of the rate of divergence of the cone 
of light passing through the lens due to a point 
source, it is possible to locate the image point in 
a straightforward, but rather laborious manner. 

(b) Methods involving parallax.—The well- 
known parallax method using pins! is obviously 
too approximate for serious work. Noakes? de- 


Fic. 2. A full-scale reproduction of the object graticule. 


I 


mirror 


Fic. 3. The experimental arrangement in the plane mirror 
parallax method. 


1 Gregory and Hadley, A class book of physics (Macmil- 
lan), p. 292 


2 Noakes, A textbook of light (Macmillan, 1937), p. 147. 
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scribes an improved method, the essentials of 
which are contained in Fig. 3. The virtual image 
L’ of an object Z in a plane mirror M is super- 
imposed by a parallax procedure on the virtual 
image J to be located. 

(c) The telemicroscope method.—A telemicro- 
scope can be used for virtual image location in 
exactly the same way as the auxiliary system of 
the new method. 

The accuracy of methods (a) and (0) is seri- 
ously affected if spherical aberration is present. 
The plane mirror parallax method will produce 
quite good results with care, but students take 
some time to master the technique and find it 
tiring for the eyes in a lengthy experiment. The 
telemicroscope method is considered unsuitable 
for use in the junior laboratory, where any 
unnecessary complication of equipment should 
be avoided. No significant increase in accuracy, 
especially in magnification measurement, is to 
be expected. 

Results obtained by the various methods are 
compared with theoretical data from a paraxial 
trace in Table I. A thick convex meniscus lens 
of focal length approximately 12 cm was used. 
Naturally the images had considerable aberra- 
tion, as it was desired to test the methods under 
unfavorable conditions. 

Even with this lens it will be seen that very 
good agreement with theory can be obtained, 
much better than with the other methods. 


TABLE I. A comparison of values of the object distance 
(1 cm), image distance (l’ cm) and magnification (m’) 
obtained from a theoretical ray trace, and by the various 
experimental methods. - 


Object Auxiliary Plane mirror Experi- 
dis- Theoretical system parallax mental 
tance ray trace method method ray trace 


~ 
~ 


l i’ m i i Uv 
(cm) (cm) (cm) (cm) (cm) 
2.52 1.045 2.56 3.14 2.20 
3.69 1.144 3.68 4.34 3.40 
5.15 1.263 Siz 5.81 4.98 
6.91 1.411 6.84 7.48 
9.17 1.597 9.17 9.73 9.30 
12.11 1.839 12.19 12.83 
16.50 
33.5 


3 
3 


16.10 2.171 16.15 17.15 
21.84 2.645 22.12 24.10 
30.79 3.386 30.98 32.92 
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Moreover, the readings can be reproduced with 
a smaller scatter. Although the lens was stopped 
down, introducing a greater depth of focus, it 
was found that the readings at each focusing 
operation could be reproduced with a mean 
deviation of less than } percent, giving the 
method a higher precision than the mirror 
method where a mean deviation of more than 
1 percent was found. The readings were obtained 
in the shortest time and with comparatively 
little fatigue. 

The author wishes to express his thanks to 
Associate Professor F. D. Cruickshank and other 
members of the staff of the Department for 
helpful criticism of this work. 
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Western Pennsylvania Section 


The regular fall meeting of the Western Pennsylvania 
Section of the American Association of Physics Teachers 
was held on December 4, 1948 at Duquesne University, 
Pittsburgh. Fifty members and guests were in attendance. 
The meeting opened with an address of welcome by 
Professor A. J. Kozora, Duquesne University. Professor 
Harry Hill, the President of the Section, was the presiding 
officer. The following papers were presented: 

Bohr atom model. R. C. Hitcucock, Westinghouse Research Labora- 
tories. 


Network representation of input and output admittances of amplifier, 
Lucio M, VALLESE, Duquesne University, . 


The Westinghouse atomic energy charts. O. BLACKwooD, University 
of Pittsburgh. 

Physics at Washington and Jefferson College in the nineteenth 
century. R. M. BELL, Washington and Jefferson College. 

A carrier-current campus broadcast station. JAMES S. WILLIAMS, 
LESLIE COLE AND J. S. V. ALLEN, Bethany College. 

The radian as a unit axial vector. A. G. WorTHING, University of 
Pittsburgh. 


Luncheon was served in the Faculty Dining Room. At 
the business meeting the officers elected for 1949 were: 
President, ROBERT C. COLWELL, West Virginia University; 
Secretary, A. J. Kozora, Duquesne University; Vice Prest- 
dent, R. E. WARREN, Thiel College. 

R. C. CoLWELL 
Secretary 





On the Unrestricted Theorem of Carathéodory and Its Application in the 
Treatment of the Second Law of Thermodynamics 


H. A. BucHDAHL 
University of Tasmania, Hobart, Tasmania 


(1) Introduction. In a previous paper! the au- 
thor has discussed Carathéodory’s treatment of 
the Second Law of Thermodynamics from a 
physical viewpoint. The corresponding mathe- 
matical development makes use of the so-called 
Theorem of Carathéodory,? of which the author 
has given a proof* when the number of variables 
is restricted to three. Except in Carathéodory’s 
own presentations * the axiomatic treatment of 
the Second Law is generally carried out on the 
basis of the restricted theorem.*-* Such a pro- 
cedure is, however, to some extent unsatisfactory, 
certainly from an aesthetic standpoint, and also 
because of the undesirable emphasis which it 
places on systems with two independent variables 
of state. In Part I of this paper we therefore 
propose to prove the Theorem of Carathéodory 
for the case of any number of variables by a 
simple extension of the author’s proof of the re- 
stricted case. In Part II it is then shown how, 
on the basis of Carathéodory’s formulation of the 
Second Law, the theorem provides a simple 
means of defining entropy and absolute tempera- 
ture without the necessity of introducing either 
perfect gases or idealized engines and cycles. 


I. Proof of Carathéodory’s Theorem 


(2) Statement of the Theorem. (a) In mathe- 
matical analysis of the kind under consideration 
it is often convenient to make use of the language 
of n-dimensional geometry. Thus, given a set of 
variables x1, ---,Xn, we may think of a set of 
definite values of these, say 0X1, ---, oXn, as being 
the coordinates of a point, Go say, in an n-dimen- 
sional picture space A into which a system of or- 

1 Buchdahl, Am. J. Physics 17, 41 (1949). This paper 
will be referred to by the letter P throughout. 

2 Carathéodory, Math. Annalen 67, 355 (1909). 

3’ Buchdahl, Am. J. Physics 17, 44 (1949). 


*Carathéodory, Sitz. d. Preu. Akad. d. 
(1925). 


5 Born, Physikalische Ztschr. 22, 218, 249, 282 (1921). 


®Landé, Handbuch der Physik (Springer, Berlin, 1926), 
vol. 9, chap. 4. 


7 Chandrasekhar, Stellar structure (Chicago, 1939), chap. 


Wiss. p. 39 


Lm Be 
8 Madelung, Die Mathematischen Hilfsmittel des Physikers 
(Dover, ed. 3, 1943), p. 313. 


thogonal cartesian coordinates x;, (¢=1, ---, n), 
has been introduced. If £,(¢) are continuously 
differentiable functions of a parameter ¢, then 
the equations 


x; =&,(t), (2.1) 


are said to specify (in parametric form) a con- 
tinuous curve C in A which possesses a unique 
tangent at every point of it. If all the &,’s are 
linear functions of t, we speak of C as a straight 
line. A single relation between the x; of the form 


f(xi, +++, Xn) =0, (2.2) 


is said to represent a hypersurface in A. A certain 
region, or part, D of A surrounding Go may be 
specified by inequalities of the kind 


(4=1,---,m), (2.3) 


where the ¢;’s are positive numbers. If the ¢;’s are 
sufficiently small, we may speak somewhat 
loosely of the neighborhood of Go. 

All these terms are elementary extensions of 
the corresponding terms as used in ordinary 
3-dimensional analytical geometry. 

(b) The Theorem of Carathéodory may now 
be stated in the following form: If in the neighbor- 
hood of any arbitrary point Go there are points G 
which are inaccessible along solution curves of the 
differential equation 


(¢=1, “2+, mM), 


—es<xi—wittei, 


LX P(x, -- 


i=1 


+, Xn)dx;=0, (2.4) 


then ihe equation is integrable. 

The functions P; are supposed to possess con- 
tinuous first partial differential coefficients with 
respect to the x;’s. The equation is said to be 


integrable if it is equivalent to a single finite 
algebraic relation 


F(x, nis 


i.e., if there exist two functions A(x, -- 
F(x1, +--+, Xn) such that 


P;=(0F/0dx;), 


-, Xn) =const., 


(2.5) 


+, Xn) and 


Goi, ---2. . 


If the solution curves to be considered are 
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thought of as represented in the form of Eq. 
(2.1), then it is assumed that the &;’s, but not 
necessarily their derivatives, are continuous func- 
tions of ¢, (i.e., the curves may have “‘kinks’’). 

(3) First change of variables. In this section we 
carry out a change of variables in such a way that 
the transformation converts Eq. (2.4) into an 
equation in which one of the coordinate differen- 
tials dx; does not appear. For this purpose we de- 
termine two functions p(x1, +++, Xn), E(x%1, «++, Xn) 
such that 


P= (1/u)(9&/dx:), (3.1) 


Thus we may take é to be a solution of the partial 
differential equation 


P,0€/OXn-1— P»-10E/dx,=0, (3.2) 


the x,(t=1, ---,m—2) being regarded as con- 
stants in the process of integrating the equation, 
and then 


(t=n—1, n). 


w= (0E/OXn)/Pr. 


Equation (2.4) may now be written 


(3.3) 


n 


n—2 7 0é 
=: pP dx ;+ 3. —dx;=0, 
i=1 i=n—1 xs 
which in virtue of 
n 0& 
pm —dx;,—dé=0, 


i=1 Ox; 


at once gives 


n—2 
X (uP:—dé/dx;)dx;+dé =0. 


i=1 


(3.6) 


Making a change of variables from the set 


X1, °**, X, to the set x1, ---, Xn-1, — we write 


dg 
uP;—-— =Q.(x, -- 
Ox; 


- , Xn—-1) é); 


--,m—1), (3.7) 


so that Eq. (3.6) becomes 


n—2 


p Qidx;+dé =; 


i=1 


(3.8) 


At the same time we now employ a picture space 
A’ in which an orthogonal cartesian system of 
coordinates x1, --+, Xn—1, € has been introduced. 
Since we assume that within D, yu, &, and Q; and 
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their partial derivatives are single-valued and 
continuous functions of their arguments, it fol- 
lows that there is a reversible one-to-one corre- 
spondence between the points in the range D of 
A and the points of the corresponding range D’ 
of A’. Therefore, it suffices to consider Eq. (3.8) 
and its solutions as represented by curves in D’. 

(4) The passage along solution curves in D’. 
(a) Let the initial point Go have the coordinates 


*» OXn—-1); of). (4.1) 


(i) From Go pass to the point G, along the 
straight line 


(o%1, 0X2, °° 


Xi=0%i, (@=1, rer oe n—2)| 
Xn—1 = Xn—1+ (1X n—-1 — oXn—-1)t 
E=oé, J 
where ¢ is a variable parameter, and 1¥,_1 is a con- 
stant. Accordingly G,(t=1) has the coordinates 


(4.11) 


(0X1, 0X2, °° *, OXn—2) 1% 2-1, of), (4.2) 


where 1;X%,-1 may be chosen at will within D’. The 
group of Eqs. (4.11) obviously satisfies Eq. (3.8). 

(ii) Next, pass from G, to the point G2 along 
the curve prescribed by Eq. (3.8) and the 
equations 


Xi=oXit(exi—ori)t, (t=1,---,n—2) 
Xn-1>= 1% n-1, 


(4.3) 


where the 2x; are constants. If in Eq. (3.8) the 
x;’s are expressed as functions of ¢ in accordance 
with Eq. (4.3), the former becomes in an obvious 
notation 


a Qi(t; &)(2xi—ox:)dt+dé=0. 


i=1 


(4.4) 


Since this is an equation in only two variables 
it always possesses an integral, which'we write 


E=Y(t; 0x1, -- 


*) OXn—2, 1, °°, 
2Xn—-2, 1Xn—-1) 


(4.41) 
=y(t), for short, 


the constant of integration having been so chosen 
that 


&=y(0). (4.42) 


Therefore 
2 _ y(1) ’ 


and the coordinates of G2 are 


(4.43) 


(9x1, ***, Xn—2) 1Xn—-1) 2), 


(4.5) 
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where the 9x;(t=1, ---,—2) may be chosen at 
will within D’. In particular, .€ and d2€/0.xXn_1 
are® continuous functions of the variable param- 
eter 1%,—1. 


(iii) Finally, pass from G2 to the point G along 
the straight line 


Xi =2Xi, (¢=1, -++,n—2) 
Xn—1 = 1Xn-1 t+ (sXn-1— 1X nt P, 


E= 2, 


where 3X,-1 is a constant. The relations (4.51) 
obviously satisfy Eq. (3.8). If t=1 corresponds 
to the point G, the latter has the coordinates 


(4.6) 


where 3X,-1 may be chosen at will within D’. 
(b) Consider the equation 


00k /O1Xn-1=0. (4.7) 


We now show that in virtue of the hypothesis 
contained in the theorem this equation must be 
satisfied identically in D’. For suppose that it is 
not identically satisfied. Then we choose Go 
(which is an arbitrary point!) such that 


(4.51) 


(2%1, ***, Xn—2, 3Xn-1, of), 


(92E/O1%n—1) 1x91 =9%n-1 0. (4.71) 


In view of the assumed continuity conditions 
it follows from Eq. (4.43) that there exist num- 
bers ¢;(t=0, 1, ---,2—2,m) such that for any 
aX (ox; —€: K ox < oxi t+e;; 7=1, ---,n—2) we can 
determine 1%n—1(0%n—1— €0& 1X n—1 ¥ o%n—-1 + €0) such 
that .§ takes on any prescribed value lyi g be- 
tween the limits o9§—e, and o&+e,. Hence if, for 
some positive number €,_; we take o¥n-1—€n-1 
S aXn-1¥ o€n-1 + €n_1, we see at once that certainly 
all points G in the neighborhood of Go lying 
within the range 


es a eee oe ae Bo Scat cares 
ENN wis +, (¢=1, +n 1) 
—€nQE—oE< +€n aa 


are accessible from Go along solution curves of 
Eq. (3.8), contrary to hypothesis. All the e; must, 
of course, be such that the various points con- 
sidered above lie in D’. The necessary condition 
(4.7) must therefore be satisfied identically. 
Hence y and therefore Q; are independent of 
Xn—1, SO that the change of variables of Sec. 3 has 
reduced Eq. (2.4) in m variables to an equation 


® Kamke, Differentialgleichungen (Becker und Erler, ed. 
2, Leipzig, 1943), p. 35. 
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in only »—1 variables of the form 


= Qi(x1, me 


i=1 


*, Xn—2)dx:+di=0. (4.9) 

(5) Completion of proof by successive reduction. 
(a) The procedure of the previous two sections 
may now be applied to Eq. (4.9). Thus we can 
always find two functions o(x1, ---+, Xn—2, &), 
n(X1, °**, Xn—2, €) such that 


Qn-2=(1/0)(0n/AxXn-2), 1=(1/0)(An/9é). 
Equation (4.9) then becomes 


(5.1) 


n—3 
2 Ri(x1, +++, Xn—2, n)dx;+dn=0, (5.2) 
i=1 


with 


R;=0Q:—90n/0xi, (5.21) 


where we have changed from the set of variables 
(x1, +++, Xn-1, €) to the set (x1, +--+, Xn-1, 7), (and 
to a corresponding picture space A’’). By the 
reasoning of Sec. 4 we can then show that the R; 
cannot involve x,-2, so that Eq. (5.2) must be 
of the form 


n—3 
zz: Rj(x1, +2 ¢, Baty n)dx;+dn=0, (5.3) 
i=1 


i.e., an equation in »—3 variables only. 

(b) By means of altogether »—2 steps of the 
kind described above, involving —2 successive 
changes of variables we shall therefore ultimately 
arrive at an equation of the form 


Z(x1)dxi1+d¢=0. 


The n—2 changes of variables may be replaced 
by a single equivalent change of variables. In 
other words, then, from the existence of points 
G neighboring to an arbitrary point Go inaccess- 
ible from the latter along solution curves of Eq. 
(2.4), it follows that there exists a change of 
variables such that the equation reduces to the 
form 


Z(x1)de:+dt (x1, -- (5.4) 


But the latter has the integral (passing through 
Go) 


“7 Xn) =0. 


f Z(x)dx+E(x1, +++, Xn) 


071 


=¢ (0x1, ae 0Xn). (5.5) 
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Accordingly Eq. (2.4) is integrable, and the only 
points accessible from Go along its solution curves 
lie in the hypersurface represented by Eq. (5.5), 
which was to be proved. ’ 

The procedure above evidently affords a means 
of determining the integral of a linear total 
differential equation, if the equation is known to 
be integrable; and it may be noticed that it does 
in fact constitute a standard method, as de- 
scribed by Forsyth.'° 


II. Application to Thermodynamics 


(6) Direct consequences of the Principle of 
Carathéodory. To apply the theorem proved in 
Part I we make use of that formulation of the 
Second Law of Thermodynamics which is known 
as the Principle of Carathéodory, viz: In the 
neighborhood of any arbitrary state, Jo, of a physical 
system there are neighboring states J which are 
inaccessible from Jo along adiabatic paths." 

Let the state of some physical system of in- 
terest L be specified by a set of m independent 
variables 

Mi °° +, Xn-1, b, 


(6.1) 


i.e., we take the empirical temperature ¢ as one 
of the set.’ The Principle of Carathéodory ap- 
plies a fortiori to quasi-static adiabatic transi- 
tions; and these are subject to a condition of 
the form!* 


n—1 
(dQ=) ¥ Pdx;+Prdt=0 
i=1 


(6.2) 


where the Po, P; are certain functions of x1, ---, 
Xn—1,¢t. In terms of a picture space A we may 


10 Forsyth, Differential equations (Macmillan, London, 
ed. 3, 1903), p. 298. 

11 See P, Sec. 2. 

2 Let L be specified by m independent mechanical, i.e., 
nonthermal, variables y;, (such as pressure, volume, electro- 
motive force); and let L’ be a second system specified by 
m independent mechanical variables yi . Then there exist 
two functions ¢t(y1, «++, yn) and ¢t’(y1’, -++, ym’) such that 
the two systems when brought into contact are in thermal 
equilibrium if, and only if, t=?’. This result of experience 
provides a definition of empirical temperature. Its scale is 
arbitrary since the equation t=t’ may be replaced by an 
equation 7(t)=7(t’), where 7 is an arbitrary (single-valued 
and monotonic) function of its argument. By selecting one 
particular system L and some definite function 7 we then 
obtain a thermometer. To introduce the perfect gas scale 
at this stage is undesirable, partly because perfect gases do 
not occur in nature, and partly because the unique proper- 
ties of this scale are themselves a consequence of the 
a laws which have not yet been introduced. 

13 Cf. P, Sec. 5(a), and P, Sec. 3. 
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therefore say that the quasi-static adiabatics of 
L are the solution curves of Eq. (6.2). The prin- 
ciple stated above now asserts that in the neigh- 
borhood of any arbitrary point Go (picturing a 
state Jo) there are points G (states J) which are 
not accessible from Go(Jo) along solution curves 
of Eq. (6.2), i.e., along quasi-static adiabatics. 
Therefore, it follows at once from the Theorem 
of Carathéodory that Eq. (6.2) is integrable; i.e., 
there exist two functions \ and xo of the variables 
in the array (6.1) such that" 


dQ=)dxo; (6.3) 


i.e., from the Second Law in the form above the 
existence of an integrating denominator of the 
linear differential form dQ follows immediately. 

(7) Analytical definition of entropy and absolute 
temperature. (a) From the result of the previous 
section it follows that if L’ be a second physical 
system, states of which are defined by a set of m 
independent variables, say 


’ bs of 
Si 5° * > Natt, 


(7.1) 


then in any quasi-static transition of L’ 

dQ’ =)'dx0', (7.11) 
where ’ and xo are functions! of the vari- 
ables (7.1). 

Now let L* be the composite system consisting 
of L and L’ in nonadiabatic contact. Then states 
of L* may be specified by the set of n+m—1 
independent variables 


, , 
X1, °° *, Xn-1,%1, “sie Leet st, 


(7.2) 


for t=t'’ when considering states of equilibrium; 
and such states alone are being contemplated at 
present. Now!® 


dQ* =dQ+dQ". * (7.21) 


But, according to the considerations of Sec. 6, 
there must exist two functions \* and xo* of the 
variables (7.2) such that 


dQ* =\*dxo*. 
Eq. 


(7.22) 


Consequently, (7.21) gives rise to the 

Cy. P,. Sec. Se), 

16 The A, \’ are not uniquely determined in the sense that 
if \! be an integrating factor of dQ such that dQ=Adxo 
then clearly [\8(xo)]~! is also an integrating factor, where 
8 is an arbitrary function of xo. This arbitrariness is, in 
effect, removed later. 


16 Assuming that internal energies are additive, 
U*=U+U". 


i.e., 
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identity 
A*dxo* = Adx0+A'dxo’. (7.3) 
(b) It is convenient now to introduce xo and 
xo as two of the independent variables of state 
of L*. This is legitimate since x» and x9’ are 
definite single-valued functions of the variables 
(6.1) and (7.1), respectively. Thus we may con- 
sider x,_1, say, to be expressed as a function of 
t,x,(t=0, ---,m—2); and similarly x,_;’ as a 
function of t, x;/(¢=0, ---, m—2). Then Eq. (7.3) 

becomes 


A(xo, 2%, Xn-2, t)dxo 
+’ (x0, res Ce t)dx’ =)*dxo", (7.31) 


where A* and xo* are now functions of xo, ---, 
Xn—2, Xo, ***, Xm—2', t. Writing Eq. (7.31) in the 
form 

dxo* = (X/A*) dxot+ (N’/A*)dxv', (7.4) 


it is obvious that xo* can be at most a function 
of xo and xo’, and the same is therefore true of 
(A/A*) and (A’/A*). Since, however, \ does not 
involve the x;/(¢=0,---,m—2), nor 2d the 
x,(i=0, ---,—2), it follows at once that \ and 
\’ can be functions only of xo, ¢ and xq’, t, respec- 
tively. The independence of (A/A*) and (A’/A*) 
of t may be expressed by the equations 


(0/dt)(A/A*) =0, and (0/dt)(d’/A*) =0, 


0 logd/dt = logd’/dt=9 logA*/dt. (7.5) 


Now the first member of this equation is inde- 
pendent of x9’ and the second is independent of 
xo. Hence their permanent equality implies that 
both are the same function of ¢ alone, g(t) say. 
Integration of Eqs. (7.5) therefore gives 


A=eF oat a(yy), A sel alata’ (xo’), 


A* = eS V4 A* (x5, x0’), (7.6) 


where A, A’, A* are arbitrary functions!’ of their 
arguments. We write 


T(t) =CeS oat, (7.61) 


and 


1 
S(x0) “s J Sceodee+const. 


: , (7.62) 
S’ (x0) a J x'ceupdx!-+const. 


17 Arbitrary, that is to say, in the mathematical sense. 
They are definite functions, of course, in the case of any 
particular thermodynamic system. 
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where the constant (scale-factor) C is introduced 
for convenience. Accordingly, Eqs. (6.3) and 
(7.11) now read 


dQ=TdS, and dQ’=TdS’. (7.7) 


We thus see that the linear differential form dQ 
which characterizes the rate at which heat enters 
a thermodynamic system in a quasi-static transi- 
tion can be expressed as the product of a uni- 
versal!® function T(t) of the empirical tempera- 
ture alone and the total differential of a function 
S of the variables of state. T is called the absolute 
temperature and S the entropy of the system. 
Inserting the values (7.6) and (7.7) in Eq. 
(7.3) the latter becomes 
A* (xo, Xo )dxo* (x0, Xo’) =dS+dS’. (7.8) 


Using S, S’ in place of xo, xo’ as variables of state 
this gives 
A*(S, S’)dxo*(S, S’)=dS+dS’. (7.81) 


Therefore, at once, 


Ox9*/OS = 0x_*/dS’, (7.82) 


which shows that S and S’ occur in x *, and 
therefore in A*, only in the combination (S+S’). 
Hence we define 


1 
S* = Cc [stave 


as the entropy of the composite system L, so that 


dS* =dS+d5’, 


(7.83) 


(7.9) 


which shows that entropy changes are additive.'® 

(8) Irreversible processes and the Principle of 
Increase of Entropy. It will be noticed that 
hitherto only quasi-static (i.e., reversible) proc- 
esses have been considered; in particular, we 
were able to define entropy on the basis of these 
alone. Moreover, quasi-static adiabatic processes 
are, by Eq. (7.7), characterized by the constancy 
of the entropy. 

To make use of the whole content of Cara- 
théodory’s Principle we again consider a system 


18 Universal in the sense that (using some definite ther- 
mometric scale ¢) the integrating denominator T(t) of dQ 
is the same function of ¢ for all thermodynamical systems, 
i.e., independent of the specific properties of the systems. 

19 Ultimately this is a consequence of the assumed 
additivity of internal energy. 
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L with n independent variables of state, say 


(8.1) 


i.e., we take S to be one of the variables. Let Jo 
be some initial state of equilibrium of L, specified 
by” the particular values o%1, ---, oXn—1, oS of the 
set of variables (8.1). Similarly let some final 
state J, of L be specified by the values 1x, ---, 
iXn—-1, vS Of the variables (8.1). We inquire into 
the possibility of the adiabatic transition™ from 
Jo to J;. Now of nm variables of state we can 
always adjust” »—1 from one set of prescribed 
values to another by means of a quasi-static 
adiabatic process, the mth variable taking care of 
the constraint imposed upon the system in the 
form of the condition that it be adiabatically iso- 
lated. Accordingly, by means of quasi-static adia- 
batic operations change the variables x1, «++, Xn-1 
from their initial to their prescribed final values. 
During this process the last variable S, however, 
obviously remains constant. Hence we have 
reached the intermediate state 1%1, +--+, 1Xn—1, 0S. 
It remains to change S to its final prescribed 
value. Now if it were possible by means of any 
process whatever, quasi-static or non-static, to 
make this change in every case (i.e., irrespective 
of whether oS is greater than, equal to, or less 
than ,S), then obviously every state J; in the 
neighborhood of J» would be accessible by means 
of an adiabatic process. But this contradicts the 
Principle of Carathéodory. Hence in any adia- 
batic transition of a thermodynamic system the 
entropy either never decreases or never increases. 
By varying the initial state Jo it is not difficult to 
see that the impossibility of an increase or de- 
crease of entropy must always hold in the same 
sense (direction) for different initial states of a 
given system. The same is true for two different 
systems, if the additivity of entropy, as expressed 
by Eq. (7.9), be taken into account. 

Whether the entropy can only increase or only 
decrease depends on the sign of the constant C 
in Eqs. (7.62). This is chosen so that the absolute 
temperature is positive.?* One single nonstatic 


M1, °° *%, Xn—1, S, 


20 Strictly speaking, the thermodynamic state Jo is the 
set of a 0%1, °° *) OXn—1, 0S 

2 Cf. P, Sec. 4. 

2 The purely mechanical possibility of the transition is 
of course presupposed. 

23 The actual value of this constant is fixed by the re- 
quirement that the values of T(t) corresponding to two 
certain states of a particular system shall differ by a pre- 
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process then suffices once for all to decide be- 
tween the alternatives. Experiment shows that 
in the adiabatic nonstatic expansion of gases 
under ordinary conditions” the entropy increases. 
Hence we have the universally valid Principle 
of Increase of Entropy: Jn any adiabatic transi- 
tion of a physical system the entropy never decreases. 

(9) Conclusion. It will have been noticed that 
in Carathéodory’s treatment thermodynamics is 
built up as a kind of extension of mechanics; and 
in a sense the determination of the various ther- 
modynamical functions is accordingly based ex- 
plicitly on mechanical, rather than on calori- 
metric measurements.”> It may be instructive 
to deal with a very simple example to illustrate 
both this point and, also, the whole preceding 
analysis. 

Let L be a gas contained in some envelope.*® 
Its state is described by the independent vari- 
ables p (pressure), and v (volume), both of which 
are directly measurable by means of ordinary 
mechanical operations. Let L’ be some other sys- 
tem with which L is temporarily in nonadiabatic 
contact. Let p and v be altered quasi-statically in 
such a way that the state of L’ remains perma- 
nently unchanged. If corresponding values of p 
and v are plotted in a plane cartesian coordinate 
system, then the change of L as a whole will be 
represented as a continuous curve. Starting from 
different initial states a family of curves will be 
obtained densely covering the p, v plane, or at 
any rate a finite part of it. This family of curves 
may be represented by an equation of the form 


T(p, v) =t, 


every fixed value of ¢ so giving one of the iso- 
thermals of L, t itself being the empirical tempera- 
ture. Its scale is obviously arbitrary since the 


same family of curves would be represented by 
the equation 


(9.1) 


T(p, v) = A(t), 


scribed amount; e.g., the system might be pure water at 
normal pressure, with the condition TJ (boiling water) 
— T(water in equilibrium with ice) = 100. 

24 As in the Joule experiment in which a gas flows into 
an evacuated chamber. 

% Implicitly this is, of course, done however we may 
treat the subject. The different modes of expression are 
simply representative of different points of view. 

26 The system consists merely of the gas. The envelope 
is not considered to be a part of it. 


(9.11) 
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where @ is an arbitrary monotonic single-valued 
function of its argument. 

Similarly we may measure the mechanical 
work done in passing by means of adiabatic, non- 
static processes between different states of L; and 
this gives rise directly?’ to the internal energy 
function 


U=U(p, 2). (9.2) 


On the basis of Eqs. (9.1) and (9.2), which are 
thus arrived at empirically, the entropy and 
absolute temperature functions may be deter- 
mined. It is perhaps more convenient now to use 
in place of Eq. (9.2) the relation obtained from 
it on replacing the variable p by t, by means of 
Eq. (9.1), giving 


U=n(y, t). (9.3) 


In practice one finds that in the case of common 
gases under ordinary conditions the equations?*® 


t=r(p, v) =f (pv) 
U(p, v) =const. (pv) 


hold with considerable accuracy. A gas which 
obeys these equations precisely may be called an 
ideal gas, though such a substance is not actually 
found to occur in nature. The equations describ- 
ing it may be written in the alternative form 


pu=o(t) 


U=const. o(t) =co(t), say, 


(9.4) 


(9.5) 


where oa is the function inverse to f, the latter 
depending on the selected empirical temperature 
scale. We now have the equation of the quasi- 
static adiabatics 


dQ =dU+ pdv =co' (t)dt-+ (o(t)/v)dv=0. (9.6) 


The latter equation possesses the integrating 
denominator 


A=a(t)¥(E), (9.61) 


where £=v[ o(t) |*, and y is an arbitrary function*® 
of its argument. Thus Eq. (9.6) becomes 


dQ =a(t)p(é)dxo, (9.7) 


where 


van f dé/Ey(t). 


(9.71) 


31 Cf. P, Sec. 3. 

28 The first of these is simply an expression of Boyle’s law. 

29So far we have made use only of the First Law, and 
there is no sound reason for making at this stage the 
arbitrary choice ¥(¢)=const. 
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Now by Eqs. (7.5) and (9.61) 
g(t) =0 logd/dt =d loga(t) /dt.* 


Therefore 


(9.72) 


T(t) =C exp f (d logo(t)/di)dt=Co(t). (9.8) 


Hence, from Eq. (9.5) 
T=Cpv, 
U=(c/C)T, 

so that for a perfect gas the product pv is a direct 


measure of the absolute temperature. Also, from 
the relations (7.62), (9.61), and (9.8) 


dS = (1/C)P(E)dxo 
= (1/C) (dé/é). 


(9.9) 


S= (logé)/C-+const., 


S=(logy/C)+(clogT/C)+const. (9.91) 


In this particular case, therefore, if v refers to the 
volume of one gram-molecule of the gas, then C 
is the reciprocal of the universal gas constant R, 
while c is the gram-molecular specific heat at 
constant volume divided by R. 

Analogous considerations hold for systems 
with n>2 independent variables of state; and 
when nonadiabatic processes have to be dealt 
with it is convenient as usual to introduce ther- 
modynamic potentials such as the Helmholtz 
function F and the Gibbs function G, 


F=U-TS 


n—1 (9.10) 
G= U- TS+ > PiXi, 


i=1 


where the x; are mechanical (i.e., nonthermal) 
independent variables of state, and the p; are 
generalized forces such that the mechanical work 
done by a system in an infinitesimal quasi-static 
transition is given by 


n—1 
dw= . Y p.idx;. 
i=1 


30 In the differentiation xo and therefore & is to be kept 
constant. 
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Reproductions of Prints, Drawings and Paintings of Interest 
in the History of Physics 


42. Vanity Fair Caricatures of HERBERT SPENCER and JOHN STUART MILL 


E. C. WaTSON ; 
California Institute of Technology, Pasadena 4, California 


A the question may be asked why 
caricatures of HERBERT SPENCER (1820-— 
1903) and JoHNn Stuart MILt (1806-1873) 
should appear in this series of historical repro- 
ductions. The answer is twofold, (1) because of 
the great influence that these men exerted upon 
contemporary English thought and thus upon 
science in general and physics in particular, and 
(2) because it is interesting to contrast these 
caricatures, and particularly the written accounts 
that accompanied them, with those of the con- 
temporary scientists already reproduced in this 
series. This contrast emphasizes the respect 
accorded to science and scientists during the 
Victorian period. 

The following written statements accompanied 
the caricatures which originally appeared in 
Vanity Fair for 1879 and 1873: 


Mr. Herbert Spencer 


“HERBERT SPENCER holds the present greatest 
name among the philosophers. He is scarcely 
known in his own country outside the circles of 
fogies, but abroad he enjoys a wonderful reputa- 
tion as the leader of all modern thought. He was 
born nine-and-fifty years ago, the son of a 
schoolmaster, who strove to culture him with the 
classics, and to make of him.a civil engineer. 
But young Spencer resisted Greek and Latin, 
and soon renounced engineering. He was, and 
knew himself to be, powerful with the pen; so he 
became a writer. He learnt to handle a good 
plain English of the frigid sort. In a casual way 
he published articles on Government, Education, 
and other dull subjects, from the time he was 
one-and-twenty. But when Darwin invented 
Evolution, Evolution invented Herbert Spencer, 
who saw how the notion might be applied to 
psychologic problems. So he now addressed 
himself to pure philosophy, and began to publish 
distressing tomes. He fell foul of Comte and of 
Mill, and plunged about with atoms and monads 


in such fashion as made all men see that he must 
have a philosophy of his own. As nobody could 
well understand him his reputation waxed 
mightily. He is now the one recognised authority 
on ‘Sociology ;’ he has discovered that ‘ultimate 
scientific ideas are all representatives of realities 


PLATE 1. “Philosophy” 
[From Vanity Fair, April 26, 1879.] 
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PLATE 2. “A Feminine Philosopher” 
[From Vanity Fair, March 29, 1873.] 


that cannot be comprehended,’ and that the 
man of science ‘knows that in its ultimate essence 
nothing can be known.’ Yet he goes on writing. 
“‘Mr. Herbert Spencer is believed by many to 
be a companionable, cheerful man. He has been 
more than once to a shareholders’ meeting to 
war with railway directors; he delights also in 
children; and he holds that suicides should 
rather be encouraged. Yet he goes on living.” 


Mr. John Stuart Mill 


‘“‘In these times when men believe only what 
they see—even if they believe that—the attempt 
to deal with the evidence of things not seen is 
commonly regarded as an impertinent intrusion 
into the land of Dreams. Thought indeed does 
occasionally vindicate its power in strange and 
powerful ways to the great alarm and disquiet 


WATSON 


of those who cannot think, but it is therefore 
only the more feared and not the less despised. 
We English pride ourselves on being a practical 
people, who, having somehow got together 
certain social machines, are bent upon merely 
working them, and have therefore a noble im- 
patience for the unholy audacity of a man who 
would ask whether better machines altogether 
might not be contrived. The Thinker is revolu- 
tionary in his very nature. He preaches things 
unheard of before—things which require atten- 
tion in order to be understood, and which many 
of us can never understand whatever attention 
we give to them. He is to be dismissed therefore 
as a trifler, at the most to be languidly admired 
as a performer of lofty tumbling having no 
relation whatever to earthly affairs. 

“It is at once the merit and the misfortune of 
the Thinker that he cannot be judged by his 
contemporaries. The Present is not his, but the 
Future shall be. Silently, slowly, and surely the 
forces he has found, if it be so, work through the 
generations, gathering power as they go till at 
last the face of the World is changed by them, 
and then, as it may happen, the Thinker is 
blessed, cursed, or ignored. John Stuart Mill has 
had it given to him however to influence in no 
small degree even his contemporary men. But 
that is mainly because and only in so far as he 
has taken and put into a more popular form the 
thoughts of other and preceding philosophers. 
He has procured the acceptation of other men’s 
ideas, but for those which are purely his own 
and therefore entirely novel he has been able to 
do nothing beyond merely presenting them to a 
mocking audience. Moreover he is best fitted to 
be the apostle of an old rather than the originator 
of a new faith. No one of those who would claim 
to be thinkers in the less interesting branches of 
human affairs, save the picturesque and epi- 
grammatic Proudhon, has written so graphically 
and simply, or with so much happiness (though 
not always correctness) of language and fertility 
of illustration as Mill; and that is one reason why 
his writings have an immediate effect. Like all 
thinkers he is a thorough heretic in all his beliefs 
—-social, moral, and religious. He represents the 
very extreme outposts to which the most adven- 
turous of modern thinkers have pushed, and has 
often found himself out of reach of the support 
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even of the boldest forces of Democracy. For he 
is a feminine philosopher, a man of vast intellect 
and tender feelings. He adored his wife, and 
since her death has lived chiefly at Avignon, in 
that solitude which he holds to be essential to 
thought. He has been an ardent champion of 
the principle of free exchange left to regulate 
itself by a free play of opposing forces; yet he 
makes many reservations, and only recently he 
has shocked his disciples by suggesting that Free 
Trade is an English craze not credited in other 
countries. He holds that there should be a 
‘perfect equality’ of the sexes, and believes that 
the existing inequality between them ‘must 
necessarily disappear,’ and he supports this by 
the hazardous assertion that ‘women—and not 
a few merely, but many women—have proved 
themselves capable of everything, perhaps with- 
out a single exception, that is done by men, and 
of doing it successfully and creditably.’ He 
believes it essential to the well-being of modern 
communities that a ‘conscientious and prudentia! 
restraint’ should be placed upon the increase oi 
population. He objects to the Ballot. He holds 
that minorities ought to be represented in a 
system of choice of legislators by majorities, and 
has supported schemes for new-fangled modes 
of boiling down the people of England into a 
Parliament. He declares that mechanical inven- 
tions have not lightened the toil of any human 
being, but have only enabled the few to become 
miserably richer while the many have become 
miserably poorer, and that ‘the best state for 
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human nature is that in which while no one is 
poor no one desires to be richer.’ He holds that 
as the possessors of the ‘common inheritance,’ 
the soil of a country, are the only citizens who 
grow rich while they sleep, the increase of value 
in their lands which has arisen independently of 
them should be appropriated by the State for 
the common benefit. With these ‘uncustomary 
opinions’ he naturally regards the Tory Party as 
the ‘stupid party’ of the country, but he has 
nevertheless never been accepted by the Liberals 
as a safe exponent of their very customary 
opinions, and he is—as he cannot fail to be and 
to remain—in a position personal to himself and 
quite exceptional in regard to all public ques- 
tions. He was born in 1806, passed his first youth 
as a clerk in the East India House, refused a seat 
on the Indian Council when the Imperial Govern- 
ment was substituted for that of the Company, 
and was elected as Member of Parliament for 
Westminster in 1865. He was however in an 
atmosphere far above that of the retired traders 
and society-mongers of the House of Commons, 
and did not even interest but only bored them; 
so that there was no great lamentation when in 
the 1868 election he was beaten by Mr. Smith, 
the newspaper-vendor. His influence however is 
greater in writing than in speech, for he is no 
orator and merely recites passages in a weak 
voice and an even tone from his books. These 
books will make for him an abiding reputation 
as one of the few men who have given themselves 
to thought in an unthinking generation.”’ 


New Members of the Association 


The following persons have been made members or junior members (J) of the American Associa- 
tion of Physics Teachers since the publication of the preceding list [Am. J. Physics 17, 165 (1949) ]. 


Adamek, Stephen (J), 514 St. George St., London, Ontario, Canada 

Alford, W. P. (J), 83 Rogers Ave., London, Ontario, Canada 

Anderson, John Howard, Talladega College, Talladega, Ala. 

Ashley, Ramon Lloyd (J), 2157 Northampton St., Holyoke, Mass. 

Averbach, Isidor, 511 E. 48th St., Brooklyn 3, N. Y. 

Bagley, Edward B. (J), 316 Bright St., Sarnia, Ontario, Canada 

Barden, Elihue, Alcorn College, Alcorn, Miss. 

Berntson, Charles Martin (J), 45 Fletcher St., Winchester, Mass. 

Bricker, Richard McCurdy (J), 5305 Fieldcrest Dr., Pittsburgh 27, Pa. 

Cake, Robert F. (J), 803 Queens Ave., London, Ontario, Canada 

Carlisle, Richard T., 9 Newlyn St., Salinas, California 

Carney, E. Seaton, 122 Chestnut St., Oneonta, N. Y. 

Chen, Shih Chang, Physics Dept., University of Pennsylvania, Phila., Pa. 

Correll, Malcolm, Gunderson 201, Oklahoma A & M College, Stillwater, 
Okla. 

Dahler, C. E., 1906 Market St., LaCrosse, Wis, 


Davis, William C. (J), 108 Powder House Blvd., Somerville 44, Mass. 

Dingle, Robert L. (J), 2220 MacGregor Way, Houston 4, Texas 

Discher, Wendell (J), 1443 Forbes St., Kalamazoo, Michigan 

Dubs, Charles W., Box 344 Morehouse College, Atlanta, Ga. 

Dudley, Howard N. III, 80 Stuntz St., Rochester 9, N. Y. 

Eisele, Rev. Louis John, S.J., Spring Hill College, Spring Hill, Ala. 

Eisner, Leonard, 1139 S. Atherton St., State College, Pa. 

Elliott, Steward E. (J), Beta Theta Pi, Crawfordsville, Ind. 

Ford, Kenneth W. (J), Palmer Physical Lab., Princeton University, 
Princeton, N. J. 

Gardner, Edward E. (J), 7 Clinton St., Cambridge, Mass. 

Garfunkel, James H. (J), 402 15th Ave. N., St. Cloud, Minn. 

Gerard, Brother F. S. C., 6501 Clayton Road, St. Louis 17, Mo. 

Green, Donald W. (J), 19 Williams St., Coldwater, Mich. 

Hahn, Thomas M., Lt. Col., Hq. Caribbean Command, Quarry Heights, 
Canal Zone (continued on page 238) 
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Demonstration of Lissajous’ Figures 


P. A. B. MEDGYESSY 
Debrecen, Hungary 


ITH the apparatus described below Lissajous’ fig- 

ures- and their alteration by continuous phase 

displacement can be demonstrated on a projection screen. 

The device contains rotating parts only and is very simple 

in design and construction. The general idea is as follows: 
The curve, 


r=k-+acos@, 


where & and a are constants, is drawn in polar coordinates 
on a disk. The angle ¢ is measured from any arbitrary, 
fixed straight line that contains the origin. As the disk is 
turned uniformly, the point of intersection of the curve 
and the straight line oscillates with simple harmonic 
motion along the fixed line about the point r=k. If a 
narrow strip is cut from the disk along the curve, and the 
disk is rotated in front of a card having another narrow 
straight slit, then the common opening of the slits can be 
projected upon a screen. 

Within the limits of accuracy demanded by demonstra- 
tion apparatus, a curved slit whose radius is large compared 
to a may be substituted for the straight slit. Another disk 
is therefore prepared from which a narrow slit is cut along 
a curve r=k+bcos¢, where b is constant. The two disks 
are now mounted so that the two circles of radius r=k 
cross one another approximately at right angles, as shown 
in Fig. 1. It is easy to illuminate and project on a screen 
the point of intersection P. When one disk rotates with 
uniform angular velocity, and the other is stationary, the 
point P moves with very nearly simple harmonic motion. 
If both disks rotate, the point P describes the resultant 
of the two perpendicular harmonic motions. 

In practice, the disks are mounted on axles A, B, and 
are coupled by gears that keep a constant frequency ratio. 
Excentric circles can be used instead of the correct curves 
without obvious loss of accuracy in the motion of the 
projected image. 

To illustrate the effect of altering the phase of one of the 
components, identical pulleys are mounted on A and B 
and connected by an endless inextensible belt of string. 





Fic. 1, Appearance of the disks used to demonstrate Lissajous’ figures. 





VOLUME 


NOTES AND DISCUSSION 


222 





17, NUMBER 4 





APRIL, 1949 





By adjusting the tension of the belt and the inertia of the 
driven disk, the string can be made to slip so that the disk 
picks up speed slowly and continuously, suffering with 
respect to its neighbor gradual phase displacement that 
can easily be observed on the screen. The change of sense 
in which the bright tracer spot describes the figures is 
easily observable. 

Two methods are available for showing the effect of 
altering the relative frequencies of the components: Either 
(a) the gears by which the two shafts A and B are coupled 
can be changed; or (b) different disks may be used carrying 
slits that follow the curves r=k+acosn¢, and r=k 
+6 cosn’p, where n and n’ are integers, not necessarily 
equal. 

In the present form of the apparatus, the disks were 
made of cardboard with k=5 cm, a=0.75 cm, and 6=0.5 
cm. The other parts were built with a “‘Marklin-Metallbau- 
kasten,’’ from which the gears were also taken. 





Use of a Cathode-Ray Oscilloscope in 
Hoag’s e/m Experiment 


L. F. CONNELL, JR. 
University of Texas, Austin, Texas 


HE difficulties encountered by Professors McCombs 

and Pietenpol! in obtaining equipment for an ex- 
perimental determination of e/m by the Busch? helical 
method have arisen at this institution also and a somewhat 
different method used to overcome them. A brief descrip- 
tion of this method was submitted in November, 1948, as 
a note to the Editor, who then acquainted the writer with 
the forthcoming article by Professors McCombs and 
Pietenpol and suggested that the note be revised to include 
a discussion of the differences in the two methods. 

In the original Busch method, as used by Professors 
McCombs and Pietenpol, the natural divergence of the 
electron beam produces the transverse component of 
electron velocity which interacts with the axial magnetic 
field of the solenoid and results in magnetic focusing of the 
electron beam. A modification of this method, introduced 
by Hoag? and described completely in his book, reduces 
the natural divergence of the beam to a minimum and 
uses an alternating potential applied across a pair of de- 
flection plates to produce larger, but one-dimensional, 
transverse velocities. The cathode-ray tube screen shows 
a line which shortens and rotates as the magnetic field is 
increased and becomes a spot for exact focusing. In the 
Busch method the screen shows a circular spot whose size 
is a minimum for proper focusing. One of the principal 
advantages of the Hoag modification is the ease with 
which the focus condition may be determined. 

Although it is true that the special uncoated, non- 
magnetic, electrostatic-deflection tube described by Hoag 
has not been available for several years, satisfactory results 
may be obtained by use of tubes now available, such as 
3AP1 and 3GP1. The deflecting plates and main elements 
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of almost all cathode-ray tubes of current manufacture are 
nonmagnetic, so that special construction for this purpose 
is no longer necessary. The opaque internal coating which 
obscures the deflection’ plates in most cathode-ray tubes 
prevents direct measurement of the distance from the 
deflection plates to the screen, but a method successfully 
used here for some time has been to determine these 
distances with the aid of x-ray shadowgraphs of the tube. 
A shadow picture may be made using x-rays from a point 
source several feet away and a film placed immediatley 
behind the small portion of the cathode-ray tube. The 
picture establishes the distances of the deflecting plates 
from some reference point on the tube base or on a visible 
portion of the electron gun, and the distance from this 
reference point to the fluorescent screen can be measured 
visually. 

It appears pertinent to note that the 3HP7 tube used by 
Professors McCombs and Pietenpol was a special war-time 
tube which is apparently no longer available commercially. 

The solution reached at this institution to the problem of 
additional e/m apparatus has been the use of commercial 
3-inch cathode-ray oscilloscopes in the Hoag method. No 
modification of the oscilloscope circuits has been found 
necessary; hence the oscilloscopes that are in general 
laboratory use may be utilized. The only change involved 
is the removal of the cathode-ray tube from its socket in 
the oscilloscope and the plugging-in of an extension cord 
which will allow the tube to be operated inside a solenoid. 
The extension can easily be made from well-insulated wire 
and a plug and socket of the same type as the tube base. 
It has not been found necessary to use shielded wire. The 
controls on the oscilloscope provide for adjustment of 
brilliance, focusing, and centering and provide contacts for 
application of deflecting voltage to the desired set of plates. 
The deflection voltage used here is 60 cycle a.c. taken from 
the secondary of a filament transformer; the amplitude 
of the deflection is adjusted by the controls on the de- 
flection amplifiers of the oscilloscope. 

It should be noted that most oscilloscopes do not provide 
an easy means of adjusting the accelerating potential be- 
tween the cathode and the second anode. A rather wide 
range of accelerating voltages may be obtained, however, 
by using an auto-transformer of the Variac type on the 
input to the oscilloscope and varying the input voltage 
within reasonable limits, say 90-130 volts, within which 
range most oscilloscopes will operate. The amount of the 
accelerating voltage, which must be known, can be meas- 
ured on a high resistance voltmeter connected across the 
proper leads of the extension cord. If a wider range of accel- 
erating potentials is desired than results from the above 
method, an external power supply can be used to raise the 
second anode potential at the tube. 

An addition to either the Busch method or the Hoag 
modification, both of which call for determination of the 
critical field strength which will cause the electron beam to 
describe exactly one helical revolution, is to determine the 
field strength necessary to cause the beam to make exactly 
two, three, or any integral number of helical revolutions. 
The maximum field strength obtainable limits the number 
which may be attained. If m is the number of complete 
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revolutions made by the electron beam, the equation for 
e/m becomes, in emu, 


e/m = (82? Vn?/H?L*) X 108 
where V is in volts, H in oersteds, and L (the length of 
helical path) in cm. 

Results obtained by use of an oscilloscope in the manner 
described have compared very favorably with those ob- 
tained using a set of the original Hoag-designed equipment 
which was available commercially‘ before the war. Averages 


of the thirty or more readings made by each student are 
usually within one percent of the accepted value. 


1K. McCombs and W. Pietenpol, Am. J. Physics 17, 78 (1949). 

2H. Busch, Physikalische Zeits. 23, 438-441 (1922). 

3 J. B. Hoag, Electron and nuclear physics (D. van Nostrand, ed. 2 or 
ed. 3), pp. 32-35 and 38-41. 


4W. M. Welch Mfg. Co. Catalog S, Item No. 627. (1948 Catalog, 
but item not available.) 


A Microwave Analog of a Half-Wave Plate 


GENE T. PELsoR* 
American University, Washington, D. C. 


ECTANGULAR wave guides are usually designed 

with the small dimension less than \/2 in order to 
pass waves of only one polarization—those with the 
electric field parallel to the short side. The phase velocity 
then depends on the other dimension.! This suggests that 
a wave guide should exhibit double refraction if both 
dimensions are greater than the cut-off value, 4/2. Waves 
polarized in the plane of the short side would progress 
down the guide at a lower velocity than those polarized 
parallel to the long side. 

If a microwave transmitter and receiver? are available, 
an instructive demonstration piece may be easily con- 
structed from a piece of sheet metal bent to form an almost- 
square wave guide about 0.6X0.6X10A. The joining edges 
of metal should be left free so that one dimension can be 
changed slightly by squeezing while in use. The guide is 
held in front of the transmitter with the guide axis parallel 
to the direction of propagation and a diagonal of the 
almost-square section parallel to the polarization plane of 
the incident radiation. When the guide is squeezed to 
minimize the signal received at the other end by an antenna 
parallel to the transmitting antenna, the receiving antenna 
may be rotated (by an assistant) to demonstrate the exist- 
ence of a strong wave polarized at right angles to the 
incident wave. 

The explanation follows precisely the theoretical discus- 
sion of an optical half-wave plate. The incident wave is 
resolved by the guide into two waves of nearly equal 
amplitude, polarized at right angles to each other. Due to 
the slight difference in dimensions, the two waves move at 
different velocities with a gradually increasing difference 
in phase as they travel down the guide. When the guide 
dimensions are varied until this phase difference amounts 
to 180° as the waves leave the guide, the waves recombine 
in free space to form a wave polarized in a plane rotated 
90° from the original plane. Different amounts of squeezing 
give elliptically or circularly polarized beams. In the latter 
case, the guide is analogous to a quarter-wave plate. 





224 NOTES AND 


Efficiency of the guide may be improved by snipping 
along the edges for a distance of 0.6 from each corner and 
bending the square flaps out through an angle of about 30° 
to form a sort of horn at each end of the guide. This serves 
to gather a larger amount of energy from the incident 
wave and also to improve the directional properties of the 
output end. 


* Now with the Sandia Branch of the Los Alamos Scientific Labora- 
tory, Albuquerque, New Mexico. 


1H. H. Skilling, Fundamentals of electric waves (Wiley, 1942), pp. 166- 


168. 
2C. L. Andrews, Am. J. Physics 14, 379 (1946). 


Force Derived from Momentum and 
from Kinetic Energy 


R. J. STEPHENSON 
College of Wooster, Wooster, Ohio 


I* a recent issue of this journal Professor Hull! has given 

an interesting discussion of the principles of momentum 
and work applied to problems of the type of determining 
the force necessary to pull a uniform flexible rope from a 
heaped-up coil along a frictionless floor at a constant speed. 
This problem was originally propounded by Professor 
Sleator? under the heading of ‘A new solution to an old 
problem.’ Now if the force on the rope is obtained by 
taking the rate of change of momentum one gets twice 
the value of that obtained by using the relationship be- 
tween work done and kinetic energy added. Professor 
Sleator comments on this difference in the following 
manner: ‘Any small particle of the rope is set into motion 
suddenly, and, since the particle moves after the impact 
with the constant velocity of the already moving mass 
of rope, the impact is inelastic. In such an impact some 
mechanical energy is lost as heat, and if, as in this case, the 
mass of the particle picked up is very small compared to 
the mass already in motion, the energy so lost is equal to 
the resulting kinetic energy of the particle. Hence, the 
kinetic energy of the moving mass of rope represents only 
half of the necessary work done.’ 

Students frequently find this latter statement difficult 
to understand and the simple analogous problem given 
below has been found to clear up the difficulties. Suppose 
a block having a large mass M is moving with constant 
speed along a horizontal frictionless table on which are 
placed a number of equally spaced similar bodies each of 
mass m. As the large block moves along it makes inelastic 
impacts with the small masses so that a force F is required 
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to maintain the constant speed. The large mass is similar to 
the portion of the rope already moving while the small 
masses represent the portion of the rope being set in motion. 

At each impact between the mass M moving with 
constant speed v and one of the stationary small masses 
m there is an amount of momentum added equal to my, 
If there are m masses in unit distance then there are ny 
impacts per unit of time and the time between two suc- 
cessive impacts is 1/nv. Thus the force F required to keep 
the velocity constant is given by the momentum change 
per unit of time or F=nmv’. 

When each mass m is set in motion it receives an amount 
of kinetic energy mv?/2, so that the kinetic energy added 
per unit of time is mmv*/2. If this kinetic energy is added 
by a force F acting over the distance traveled per unit 
time v then F=nmv*/2, or half the value given by the 
momentum equation. However, this has omitted the energy 
lost at each of the inelastic impacts. To calculate this we 
see that if no force were acting the velocity 1 of the two 
masses after impact would be given by the principle of 
conservation of momentum as 


Mv=(M+m)un, or 1. =(Mv/M+m). 
At each impact there would be a loss of energy of 
3 Mv? —3(M+m)o2=(Mv?m/2(M+m)}. 


Since there are nv impacts per unit of time the loss in 
energy per unit of time is Mmnv*/2(M+m). Now if M is 
very much larger than m then this expression becomes 
mnv*®/2 which is the same as that received by the masses 
when set in motion. The loss in kinetic energy goes into 
heat at the inelastic impacts and work must be done to 
supply this energy. Thus the total work done by the force 
per unit of time is mnv?, which gives the same value for 
the force as that obtained from momentum considerations. 
While this may appear to be an academic problem never- 
theless it applies in such practical cases as that of finding 
the additional force and horsepower required by an engine 
when it is traveling at constant speed and picking up 
water from a trough between the rails, or the force re- 
quired to set a freight train in motion when the cars are 
initially crowded together and, due to the looseness of 
the couplings, only one car at a time moves forward. This 
problem has been recently discussed by Professor Dad- 
ourian® who has analysed it in a somewhat different manner 
from that given above. 
1G. F. Hull, Am. J. Physics 16, 447 (1948). 


2W. W. Sleator, Am. J. Physics 15, 474 (1947). 
3H. M. Dadourian, Am. J. Physics 16, 344 (1948). 


In fact, it would seem that only those who had some first-hand experience in the acquisition of new 
knowledge in some disciplined field would be able truly to appreciate how great the science of the 
past has been, and would be able to measure those giant accomplishments against their own efforts 
to penetrate a few millimeters further into the darkness that surrounds them.—J. R. OPPENHEIMER. 
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LETTERS TO THE EDITOR 


Maxwell’s Thermodynamic Relations 


SHOULD like to offer the following mnemonic for 
Maxwell’s thermodynamic relations in reply to Pro- 
fessor Focken’s! request: 
Place the letters p, S, T, V in a square array in alpha- 
betical order, i.e., in the order in which ordinary printed 


matter is read, thus 
P _ 
T v/° 


Next affix partial differential symbols, divide vertical 
elements, insert an equality sign, and affix the bottom 
element not used in the derivative for the subscript. This 
yields a first Maxwell relation, 


(@P/dT)vy =(0S/dV)r. 


The other Maxwell relations are obtainable by interchang- 
ing diagonally opposite elements of the square array, each 
interchange introducing a negative sign. 


Pp S 


x 


Tr 


Example: interchange T and S (introducing one negative 
sign), this leads to a second Maxwell relation as before, 


(sy) (3s),--Ge)s 


A third relation requires the interchange, P<>V in the 
original array, and the fourth relation requires the double 


; Seas 
interchange 
Pov 


yielding a resultant positive sign. 


Sharples Corp., Research Labs., 
201 Spring Garden Street, 
Philadelphia, Pennsylvania 


RoBERT E. PAYNE 


1 Charles M. Focken, Am. J. Physics 16, 450 (1948). 


Maxwell’s Thermodynamic Relations 


HE mnemonic proposed by Mr. Robert E. Payne is 
basically the same as the one described in my initial 
letter,! but in my opinion its form is preferable because two 
of the necessary steps, namely, the original array and the 
introduction of the negative signs, are easier to remember. 
By combining the attractive features of various sug- 
gestions that have reached me, especially one from Mr. 
Herbert Rubin (College of Engineering, University of Cali- 
fornia), I have arrived at the following simple and satis- 
factory mnemonic for Maxwell’s thermodynamic relations. 
First write the square array of the letters P, S, T,,V in 


alphabetical order, as proposed by Mr. Payne, thus 

Ps 

Tr Vv 
This may be considered as a square, which can be used 
erect, inverted, or turned on either side. These four posi- 
tions yield the four equations when the square is divided 
into vertical elements, the partial differential symbols are 
affixed, the equality sign and the subscripts are added in 


the manner proposed by Mr. Payne. The negative signs 
are included when the square is used on either side. 


University of Otago, 


CHARLES M. FockKEN 
Dunedin, New Zealand 


1C. M. Focken, Am. J. Physics 16, 450 (1948). 


Measurement of Linear Coefficients 
of Expansion 


N arecent article by C. Williamson and W. H. Michener! 
an experiment is described whereby measurements of 
temperature versus expansion may be made on a brass tube 
using a dial gage as an indicating instrument. With several 
modifications this experimental arrangement has been 
utilized in the Massachusetts Institute of Technology 
freshman physics laboratory to measure the average linear 
coefficient of thermal expansion over the interval between 
the temperature of steam and that of cold tap water. The 
main advantage of the apparatus is the speed with which 
measurements can be made. If the tube is surrounded with 
some thermal insulating material, such as rock wool, a 
single determination of the coefficient of expansion can be 
made in less than ten minutes. Thus, a student is able to 
make measurements on several different tubes during the 
hour and a half allowed for the experiment. 

The student first measures the coefficients of expansion 
of a brass tube and an aluminum tube. He is then given a 
unit containing a tube composed of a brass section and an 
aluminum section joined together. The total length of the 
compound tube is given but the individual lengths of the 
component parts are unknown. By measuring' the linear 
coefficient of expansion of the compound tube and utilizing 
the previously measured coefficients of aluminum and 
brass, the student can solve two equations simultaneously 
to find the lengths of brass and aluminum in the compound 
tube. If the coefficients are measured to an accuracy of one 
percent, the length determinations can be made with an 
accuracy of 5 percent or better. 

Finally, the student measures the coefficient of ex- 
pansion of a glass tube blown from pyrex. The relatively 
small coefficient he finds is in agreement with his knowledge 
of the use of Pyrex cooking utensils. 


Massachusetts Institute of Technology, 


FRANCIS W. SEARS 
Cambridge, Massachusetts 


Nisson A. FINKELSTEIN 


1 Williamson and Michener, ‘“‘Some improved experiments for the 
heat laboratory,’’ Am. J. Physics 16, 160-161 (1948). 
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Book Reviews 


Cybernetics. NoRBERT WIENER. Pp. 194, Figs. 8, 6} x 9} 
in., The Technology Press, John Wiley and Sons, Inc., 
New York, 1948. Price $3.00. 


The twentieth century has often been called the elec- 
trical age. It is becoming increasingly clear that a more 
appropriate designation would be the age of communica- 
tion and control. The phenomenal progress in telephonics 
and radio has been evident to all. Not so thoroughly 
realized by the general public is the rapid development 
of all sorts of devices, mainly electronic, for the precise 
control of vast amounts of energy in all branches of in- 
dustry and in fact in large sectors of ordinary human 
activity. Few persons who drive a car ever stop to think of 
fundamental philosophical significance of the control 
gadgets which have been devised to make driving so easy. 
Even less thought has been given by most of us to the 
important fact that all such control mechanisms depend 
fomi&beir success on the sending of messages from one part 
of the system under control to another, 7.e., themselves 
exemplify the art of communication. 

Though certain types of control mechanisms have long 
been utilized in engineering, it is only relatively recently 
that they have been subjected to intensive analysis under 
the general designation of servomechanisms. Examination 
discloses a fundamental similarity between the behavior 
of the ordinary ball governor on a steam engine, the 
common household thermostat, and the mechanical steering 
mechanism on a modern ocean liner. In each case a certain 
pattern of behavior (i.e., speed of the engine, temperature 
of a room, direction of the boat) is maintained with a 
minimum of fluctuation by feeding back more or less con- 
tinuously to the source of the behavior information as to 


how much the actual output is deviating from the desired . 


pattern, and by providing means wherewith this informa- 
tion will lead to action in the correct (stabilizing) direction. 

The use of the grid in a vacuum tube as a feedback 
mechanism for controlling the plate current is now thor- 
oughly established in electronics. Through the work of the 
author of the volume under review and several of his 
colleagues, attention is now drawn to the fact that the 
nervous system of the living organism involves a feedback 
mechanism of essentially the same kind for the control of 
bodily movements. Thus it no longer seems likely that the 
carrying out of a purposeful act like the picking up of a 
book on the table is a simple one-way process in which the 
appropriate part of the brain dictates to the appropriate 
muscles by means of the neurons what action they must 
take in order to bring about the desired end. Rather every 
such purposeful act involves a circular process in which at 
each stage information is fed back to the central mervous 
system stating to what extent the originally desired end 
has failed to be achieved. The importance of this feed-back 
process becomes painfully evident in cases where it breaks 


down due to pathological conditions in the nervous system, 
2.€., in various types of ataxia. 

If the concepts of communication and control are thus 
so significant throughout the whole range of human ac- 
tivity, the mental discipline that studies them deserves a 
distinctive name. To coin this, Professor Wiener has gone 
back to the Greek for steersman (cf., the significance of the 
kappa in Phi Beta Kappa), and the result is ‘‘Cybernetics.”’ 
His book is a stimulating survey of the basic ideas of the 
new point of view with numerous specific applications. 

Some of the applications will be fairly readily understood 
by the general reader. Thus he should have no serious 
trouble grasping the fundamental idea of feedback, though 
some of the accompanying mathematical analysis will 
baffle him. Moreover, the analogy between numerical 
computing machines on the binary scale and the human 
nervous system is clearly presented and provides a glimpse 
of the unifying tendency of cybernetics. On the other hand, 
the discussion of time series phenomena involved in the 
transmission of information against a background of noise 
makes considerable demands on the mathematical com- 
petence of the reader. The author introduces the definition 
of amount of information as the negative logarithm (to 
the base 2) of the ratio of a posteriori knowledge of the 
system in question to a priori knowledge. This has a close 
relation with entropy as defined in statistical mechanics: 
in fact it is the negative of the entropy, so that any in- 
crease in information we may gain about a system repre- 
sents a decrease in entropy and vice versa. This association 
of gain in entropy, that is, increase in randomness, with 
loss in information is a highly illuminating one. There is an 
interesting application to the theory of Brownian motion 
which will repay some study by the physicist. 

The book will doubtless make its greatest appeal 
through the discussion of the final chapters in which the 
author indulges among other things in speculations on the 
scanning techniques of the brain by which we recognize 
certain portions of experience as ‘‘wholes” or universals 
rather than as mere collections of parts: for instance, how 
we distinguish a human face viewed from any angle from 
that of a cat or dog. This leads to some interesting sug- 
gestions about sensory prosthesis or the replacement of the 
loss of one sense by the extra development of another. 
Psychopathology comes in for some attention and the 
analogy between the brain and a modern calculating 
machine is stressed. Both instruments sometimes break 
down and for possibly similar reasons; we should be careful 
not to overload either. 

The importance of the transmission of information in 
maintaining equilibrium in any large system of separate 
organisms leads at once to a consideration of human society. 
The obvious failure of large social groups to attain equilib- 
rium deprives the author of hope that the ideas of cyber- 
netics will have much application to social problems. He 
indulges in the now well-nigh universal lament that tech- 
nological progress has far outstripped social adjustment 
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and we may as well expect the worst. Such pessimism 
somewhat belies the buoyant optimism of the rest of the 
work with respect to the possibilities of the central idea. 
This is a challenging book. Its principal theses will need 

further elaboration in somewhat simpler and more system- 
atic form in order to drive home to the general public their 
possible significance for the culture of our time. 

R. B. Linpsay 

Brown University 


Science at War. J. G. CROWTHER AND R. WHIDDINGTON. 
Pp. 185+ii, Figs. 51, photographs 44 pages, 14422} 
cm. Philosophical Library, Inc., New York, 1948. 
Price $6.00. 


As Sir Henry Dale says in the foreword, this book was 
prepared under the sponsorship of the Scientific Advisory 
Committee to the British Cabinet, and is the first authori- 
tative account of the scientific contribution to the war 
based on the official archives and documents of the Com- 
mittee. The authors, Mr. J. G. Crowther, Chairman of the 
Association of British Science Writers, and Professor R. 
Whiddington, Head of the Department of Physics, Uni- 
versity of Leeds, have written in a popular style using no 
mathematics whatever. The popularized technical expla- 
nations, however, are quite satisfying, and the technically 
minded reader will be glad to see the many quantitative 
statements. For instance, in regard to navigation by radar: 
“Aircraft controlled by Oboe and bombing from 30,000 
feet at 250 miles drop on the average half of their bombs 
within 150 yards of the target.’ 

The book is divided into four sections: Radar, Opera- 
tional Research, The Atomic Bomb, and Science and 
the Sea. 

For American readers the short section on the atomic 
bomb will be the least interesting, and may fall rather flat. 
Although the British had decided in the summer of 1941 
that the construction of atomic bombs was feasible, and 
the early history of their project is interesting enough, 
this section of the book is concluded at the time (in 1943) 
when the British scientists left for the ‘great American 
Tube Alloys Establishment at Los Alamos.’’ Evidently the 
use of meaningless titles for important projects was not 
confined to the USA. 

The development of operational research is new. In a 
division on the optimum size of convoys, it is pointed out 
that ‘if escort vessels are to be out at a distance of 4000 
yards from the convoy, the perimeter for a convoy of 80 
ships would be one-seventh longer than that of a convoy 
of 40 ships. Thus seven escort ships can protect a convoy 
of 80 as well as six escorts can protect a convoy of 40.” 
Elsewhere it is shown how the flying output of the Coastal 
Command was approximately doubled by changing the 
criteria for maintenance efficiency. There are interesting 
discussions of such questions as proper division of weight 
in an airplane between ammunition and radar gear, the 
placing of an additional gun on an aircraft at the expense 
of five miles per hour in speed, the relative advantages of 
spending effort in increasing performance of equipment or 
in training operators, etc. ‘ 

The section on underwater science discusses magnetic 
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and acoustic mines, and among other things describes the 
notable success of the anticipatory counter-measures work 
on pressure-change mines in relation to the Normandy 
invasion. 

In the opinion of the reviewer, the section on radar, com- 
prising about half the book, is really excellent. This stimu- 
lating story begins with the first radio-location experiments 
of the Heaviside layer in 1924, and continues with the fol- 
lowing of aircraft by radio reflections in 1935, the con- 
struction of the Chain Home warning stations (1938-1941), 
the development of 10-centimeter radar (from 1939 
onward), ‘‘Gee’’ (radio navigation based on time intervals 
between pulses from fixed ground stations, 1940-1942). 
“Oboe”’ (radar navigation based on radar control of groups 
of aircraft from two fixed radar stations, 1942), and ‘‘H.S”’ 
(high power magnetron-equipped aircraft radar target- 
finders, 1942-1943). Passing mention is made of beacons, 
transponders, and an American radar gun-layer which 
combined with the British-invented-American-developed 
VT fuze was mainly responsible for the fact that ‘at the 
end of the attack, nearly 100 percent of all flying bombs 
approaching London were being shot down.” It is signifi- 
cant that before the use of radio and radar navigation, 
during the first two years of the war ‘90 percent of the 


- bombs dropped [by the British] had probably exploded 


harmlessly in the fields and had had no effect,”’ and that 
the use in aircraft of not more than 50 sets of ‘“‘H2S” was 
primarily responsible for the victory over the submarine— 
monthly shipping losses decreasing from 700,000 tons in 
March 1943 to 100,000 tons in August. 

There are more than a hundred charts, diagrams, and 
photographs, all of top quality, showing radar towers and 
antennas, magnetrons, radar and cathode-ray screens and 
pictures, damage from bombing raids, flame throwers, 
underwater explosions, cavitation behind ships’ propellors, 
various mines, and so on. The numerous photographs add 
a great deal to the value of the book for the popular reader. 

Perhaps three or four pages (no more) are concerned 
with nontechnical matters such as the democratic team- 
work collaboration of the British scientific effort in con- 
trast with the autocratic organization in Germany. 

The reviewer feels that this book is not in the category 
of ‘‘must’’ reading, although like other enjoyable books 
he hopes it will be widely read because it is easy to read, 
authoritative, pleasantly informative, interesting, and 
occasionally exciting. At times it is grim. If further evidence 
is needed of how Britain narrowly escaped defeat by the 
timely development of new scientific weapons, this book 
gives the facts and figures of those developments. 

There is one platitudinous paragraph to the effect that 
the ‘‘use of science as an aid to war is a perversion from its 
proper purposes, and its rapidly extending misuse .. . 
creates a threat to the survival of civilization.”” The re- 
viewer does not condemn this paragraph for being a 
bromide (which it is), but he believes that any writer 
gifted enough to write a book on the subject of science 
and war should bear a responsibility to try to deal with 
some of the less concrete aspects of that subject such as the 
problems of the scientist (or of the nontechnical citizen) 
in his attempts to prevent war and promote peace. Some- 
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body must bring the discussion of these subjects into the 
open if effective answers are to be found. There are nu- 
merous moral, ethical, economic, political, and scientific 
arguments for actively attempting to prevent war. What 
better place could the scientist find for these arguments 
than in juxtaposition with his description of the tremendous 
technical accomplishments during the recent war both for 
preventing destruction and for creating it! 

SEVILLE CHAPMAN 

Cornell Aeronautical Laboratory 


A Source Book in Greek Science. Edited by Morris R. 
COHEN AND I. E. DraBKIN. Pp. 579-+-xxi, Figs. 138, 
16234 cm. McGraw-Hill Book Company, Inc., New 
York, 1948. Price $9.00. 

It has been said that the vigor of a state can be measured 
by the readiness with which it forgets its great men. If 
this proposition holds for fields of learning as well as for 
states, one might conclude that the sciences are passing 
into the softness of middle age, for a tide of interest in 
bygone scientists has been -rising steadily for several 
decades. Such a gloomy conclusion can be side-stepped, 
however, by noting that the interest in the history of 
science is felt mainly by persons who themselves are not 
scientists. This fact suggests that science, by its impact 
on modern society, has finally forced itself to the attention 
of those who study human thought in the large. The sci- 
entist may take proper satisfaction in this belated recog- 
nition that human affairs have not been shaped by politics 
and literature alone. If he has a conscience, however, the 
teacher of science cannot relax in smug enjoyment of his 
enhanced importance. While his consequence has been 
heightened, his responsibilities have been broadened. 
Understanding the present state of his science is no longer 
enough: he must now be able to take part in the examina- 
tion of science as an influence on society. In this examina- 
tion the leaders will no doubt be specialists trained pri- 
marily in social studies and secondarily in science. The 
contribution made by the scientist will be twofold. He 
will use the general courses in science as vehicles for 
diffusing an understanding of scientific method, and he 
will make frequent allusion to the social and intellectual 
effects of various scientific discoveries. In short, he will treat 
science as a human activity. The end in view demands that 
the teacher of general courses in science become conversant 
with the history of his subject. 

In many of the new courses designed for the general 
education of nonscientists, historical considerations are 
not neglected. One may ask whether the elementary and 
intermediate courses for prospective scientists cannot pro- 
fitably include historical accounts of the great discoveries 
and conceptual innovations. The training of generals has 
long included a study of past military operations. Schlief- 
fen’s study of Hannibal’s methods prepared the way for 
Ludendorff’s victory at Tannenberg. If historical examples 
provide good training in the least sentimental of the pro- 
fessions, the managing of men in battle, can one dismiss 
them as valueless in the training of scientists—even applied 
scientists? 
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The scientist who spent much time studying his subject's 
past would rapidly become ignorant of its present. He 
needs a quick and painless way to survey the high spots of 
the past, and to settle specific questions as they arise in 
his teaching. Fortunately, there exist various compen- 
diums of excerpts from books and papers by the great 
scientists. Outstanding in this class are the Source Books 
in the History of the Sciences, sponsored by the Carnegie 
Foundation and various learned societies, and published 
at intervals over the last twenty years under the general 
editorship of Gregory D. Walcott. The Source Book in 
Physics has doubtless saved the readers of this journal 
many a trip to the library. The volume under review is the 
most recent member of this series. In conjunction with 
some brief text like Singer’s A Short History of Science 
(Oxford, 1941), it will enable the reader to acquire very 
quickly a useful degree of orientation concerning the 
scientific attainments of the Greeks. Now that such infor- 
mation is so easy to obtain, perhaps the absurd tradition 
that the Greeks had no real science will at last be snuffed 
out. Actually the work of Copernicus and Kepler, and 
some of the work of Galileo, rested directly on the astro- 
nomical and mathematical work of the Alexandrians. 
After a lapse of over a thousand years, the moderns con- 
tinued from where the ancients left off. 

The present volume has been edited by two men notable 
for the breadth of their learning. The late Professor Cohen, 
who like Whitehead was trained as a mathematician before 
turning to philosophy, wrote extensively on logic and 
scientific method as well as on the philosophy of the law. 
Dr. Drabkin combines mathematics and a knowledge of 
Greek and Latin with some years of postdoctoral study 
in the history of science; many of the translations are 
his own. 

The book covers a wide range of sciences, the round 
number of pages devoted to each being as follows: Mathe- 
matics 90, Astronomy and Mathematical Geography 90, 
Physics 170, Chemistry 20, Geology and Meteorology 20, 
Biology 70, Medicine 60, Psychology 30. At the end is a 
bibliography useful for more specialized study. Most of the 
excerpts are short, which makes the book ideal for evening 
browsing. It is also suitable for more sustained reading, but 
its usefulness for reference will be lessened by the want of 
an index of subjects.’ The extensive index of names will 
perhaps suffice for the expert, but will be of limited value 
to one not already acquainted with the field. On the other 
hand, the copious and well-conceived notes render great 
service to the neophyte. Even within a given section, the 
extracts are not arranged chronologically, but a chrono- 
logical perspective can be established with the help of the 
name-index and the biographical notes listed therein. Some 
of the translations are from Latin authors; the title of the 
book is justified by the fact that such science as the Romans 
had was taken from the Greeks. 

In the section on physics, the excerpts are taken mostly 
from the works of Aristotle, Euclid, Archimedes, Ptolemy, 
Lucretius, Hero, Vitruvius, and Simplicius. Aristotle’s work 
is useful chiefly as an example of how not to develop 
physics. Later, when the experimental approach was better 
established, real progress was made in statics and optics, 
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although there were, of course, many errors. In the final 
period the work ran mostly to gadgetry, much of it devoted 
to priestly and military purposes. Perhaps the most sur- 
prising excerpts—representing the swan song of Greek 
physics—are Philoponus’ flirtation with the concept of 
inertia, and his clear description of the falling-body experi- 
ment for which Galileo won fame 1100 years later. 

J. J. G. McCue 

Smith College 


Vacuum Manipulation of Volatile Compounds. R. T. 
SANDERSON, Pp. 162+viii, 40 Figs, 548} in. John 
Wiley and Sons, Inc., New York, 1948. Price $3.00. 

The author’s preface to this little book states that, since 
literature on the methods and apparatus involved in high 
vacuum work are not readily obtainable in integrated 
form, “it has been difficult for one to begin to use this 
technique without learning it from another individual. It is 
the purpose of this book, therefore, to provide in one place 
enough practical information to enable an investigator 
with an average background of scientific training and ex- 
perience to construct and operate a general purpose high 
vacuum apparatus for chemical research.’’ Let it be at 
once said that the book fulfills its stated purpose admirably; 
its usefulness to other people and other groups will be 
discussed below. 

The author develops his subject in 15 chapters covering 
115 pages. To this are added several appendices, totaling 
35 pages, and an author and subject index. The chapters 
are Introduction to Chemical High Vacuum Technique 
(2 pages); Materials of Construction and Operation (11 
pages); Glass Blowing (16 pages); Producing a High 
Vacuum (13 pages); Measuring Pressure (15 pages); Low 
Temperatures (14 pages); Valves (4 pages); Introducing 
Into and Removing from Vacuum System (6 pages); 
Measuring Volume (10 pages); Measuring Vapor Pressure 
(4 pages); Condensation Traps and Fractionation (8 
pages); Miscellaneous Suggestions and Methods (10 pages); 
Practice in High Vacuum Technique (6 pages); A General 
Utility High Vacuum Apparatus (5 pages); and Future 
Developments (2 pages). The appendices include data 
for vapor pressure thermometers filled with carbon disul- 
fide, sulfur dioxide, ammonia, carbon dioxide, hydrogen 
chloride, ethylene, methane, oxygen, and nitrogen; a 
reference table for copper-constantan thermocouples; and 
the vapor pressures of almost 400: pure compounds at the 
melting point of carbon disulfide, the sublimation point of 
carbon dioxide, the atmospheric boiling point of ammonia, 
the melting point of water, and at 20.0°C. 

The development of most of the subjects presented is 
so brief as to preclude mention of many alternative tech- 
niques, let alone a discussion of certain more modern 
methods. The author, apparently trained in the school of 
Stock, Schlesinger, Burg, and co-workers, leans heavily on 
their techniques. These, of course are admirable for the 
development in the fields in which they worked, and can 
also be used in most instances in general high vacuum 
manipulation. However, modern research has led:to the 
development of new and important methods, which are 
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omitted or only briefly mentioned in the book. Thus, for 
instance, there is no discussion of vacuum gauges other 
than the classical McLeod type. The use of oil diffusion 
pumps is only indicated in passing, and no mention is made 
of the new silicone oils that have been developed as 
pumping fluids. Metal and glass-metal techniques are 
entirely omitted. Throughout the book the emphasis rests 
on manipulations involving the minimum contact of 
chemicals in vacuum systems with ground joint and stop- 
cock lubricants and sealing materials other than mercury. 
While this stress has been necessary in most of the work 
emanating from the Stock group, it would appear that in 
many instances the judicious use of these materials leads 
to easier and more rapid manipulations than can be ob- 
tained with the awkward mercury seal techniques de- 
scribed. The utility of ground joints, both conical and 
spherical, cannot be overestimated in the reviewer’s mind, 
but these have been given only passing consideration in 
Sanderson’s book. 

Some rather qualitative statements are made, which 
cannot help but leave the impression of lack of scientific 
rigor. Thus density is given without units; it is stated that 
there are “innumerable collisions’’ of gas molecules at 
N.T.P.; the section on principles on condensation suffers 
from lack of statement of assumptions, leading to question- 
able statements. However, the general clarity of presenta- 
tion of the manipulative techniques overbalances these 
objections, leaving an over-all favorable impression of the 
book. 

Two sections of the book require high commendation. 
The reviewer, having seen illness due to mercury poisoning 
and death due to failure to observe precautions in handling 
liquid air, can only urge most strongly that all workers in 
the field read the corresponding sections and follow to the 
letter the instructions given in them. If for no other reason, 
Sanderson’s book should be generally valuable. 

While the extended table of vapor pressures of pure com- 
pounds in the appendix will be valuable to a certain very 
specialized group, the general utility of data on such 
esoteric compounds as carbon sulfoselenide and 1,3-di- 
chlorotetramethyldisiloxane is questionable. Here again the 
background of the author is evident. Undoubtedly, experi- 
menters getting so deeply into a given field will look beyond 
the appendix into the literature for further data. On the 
other hand, the data on vapor pressure therniometers and 
copper-constantan thermocouples is quite generally useful. 

It is the reviewer's feeling that students and research 
workers doing their first jobs in vacuum manipulation will 
derive real benefit from the use of this book. More ex- 
perienced groups will gain as always from refreshing their 
memories, but will not find many new ‘“wrinkles”’ to try. 

J. D. HELDMAN 
Wilmington, California 


Fear, War, and the Bomb. P. M.S. BLacKeEtTr. Pp. 238+-vii, 
144X214 cm. Whittlesey House, New York, 1949. 
Price $3.50. (Published in England under the title 
Military and Political Consequences of Atomic Energy.) 

Professor Blackett has probably written the most im- 
portant book that has yet appeared on the political and 
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military aspects of atomic energy. What he says may not 
be correct, but it appears that his views are essentially the 
same as those of the political leaders of the U.S.S.R.; in 
presenting his case Professor Blackett therefore gives the 
reader much understanding of what has occurred in the 
United Nations discussions of atomic energy control during 
the past three years. This is not to imply that the book is 
a superficial propaganda tract. On the contrary, Professor 
Blackett writes on a basis of historical documentation, 
and with complete realism, in a manner that is consistent 
with his having achieved what he has in the realm of 
physics. 

There are three major themes in the book. First, that 
long range strategic bombing (in contrast to tactical bomb- 
ing which is integrated with land and sea attacks) is not 
of primary military importance, even though atomic bombs 
are used. Second, that the purpose of the American use of 
atomic bombs at Hiroshima and Nagasaki was not pri- 
marily to bring to a close the second world war, but rather 
to achieve an initial political victory in the third world 
war. And third, that the Russian rejection of the American 
proposals for international control of atomic energy is 
altogether justified by Russia’s legitimate military and 
economic self-interests. It seems to me that the degrees 
of validity which Professor Blackett establishes for the 
three themes are in an order of rank about the same as 
the above order of listing. 

The discussion of the military significance of strategic 
bombing is based largely on the effects of Allied bombing 
of Germany and Japan in the recent war, as reported by 
the United States Strategic Bombing Survey. Such facts 
as that German war production rose from a base line of 
100 in 1940 to 285 in 1944, in spite of ‘‘saturation raids” 
on the war production centers, are convincing evidence 
for the thesis that the use of atomic bombs will not in 
itself provide an easy way to defeat a great power. The 
sober, factual discussion which Professor Blackett gives 
of the role of atomic bombs in achieving military objec- 
tives is perhaps the most valuable aspect of this book. 
The reader will not be led to feel that atomic bombs are 
any net gain to the world’s well-being, but he will see the 
error of those who see immediate destruction of our great 
cities as immediately consequent to the start of a war with 
a Russia that possesses atomic weapons. 

The semiofficial American justification for the atomic 
bombing of Japan has been that the great losses of Amer- 
ican and Japanese lives which invasion would have entailed 
were thereby avoided. Professor Blackett lays considerable 
stress on the advice given to the War Department by the 
Manahattan Project scientists committee, of which James 
Franck was chairman, to the effect that atomic bombs 
should not be dropped on Japan. The Franck report was 
re-enforced by a petition to the same effect, signed by 
sixty-four scientists of the Chicago Metallurgical Labora- 
tory. Why was this advice not heeded? Professor Blackett 
can find no reason among the given military reasons. He 
points out that Japan was all but prostrate: America had 
air control, even over the home islands; and the U.S.S.R., 
in accordance with agreements made at Yalta, was prepar- 
ing to attack the large Japanese land forces in Manchuria. 
American invasion was not scheduled to begin until No- 
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vember Ist, and hence, Blackett argues, there was hardly 
reason to drop atom bombs on Japanese cities early in 
August; for there was likelihood that by November the 
Japanese would have surrendered even without invasion. 
Actually, the bombs were dropped on August 6th and 9th, 
and apparently they precipitated the Japanese surrender 
of August 14th. The Russian offensive in Manchuria 
began on August 9th. Blackett’s assertion is that the 
atomic bombs were dropped so that Japan would surrender 
to the United States before Russia had become extensively 
involved in operations against the Japanese. The occupa- 
tion of Japan thereby became an exclusively American 
activity. By the annihilation of a large part of the popula- 
tion of two cities, the assertion concludes, the United 
States cleverly achieved a great diplomatic and political 
victory. 

Professor Blackett’s defense of the Russian attitude 
toward the Lilienthal-Baruch proposals for an international 
Atomic Development Authority seems to rest on two chief 
points: (1) that such an authority would probably prevent 
Russia, power-poor country, from developing atomic power 
plants as rapidly as it could if unrestrained by the author- 
ity; (2) that Russia would be in a relatively weak position 
militarily during the transition period to complete inter- 
national control; for example, the location of military and 
industrial plants would of necessity become known to 
international inspectors. (There wouid be no like dis- 
advantage for America, Professor: Blackett soberly tells 
us (p. 153), because at present there is little secrecy any- 
way about the location of essential plants in America.) 
The reader will find the arguments for the above points 
to be presented in detail and with great clarity by Professor 
Blackett. Not all readers will be persuaded to sympathy 
for the Russian attitude, but one can scarcely fail to gain 
understanding of that attitude. 

Many things could be said in rejoinder to various details 
of Professor Blackett’s apologia pro Gromyko. I will only, 
however, comment on the attitude that man is incorrigibly 
nationalistic, which the author seems to bring to his sub- 
ject. This attitude is well illustratéd by his comment (p. 
158) that the Baruch plan “. . . must be considered his- 
torically as an astute move and a very considerable victory 
for American diplomacy,” this on account of the great 
“success with which this specious plan was put across in 
most countries as a wise and generous measure.”’ Professor 
Blackett’s world is one in which political leaders think 
altogether in terms of the advantage of their own country 
and distrust of the motives of other nations. There is, 
it appears, no force at all behind international good will, 
except when it serves power politics to use the sentiments 
of well meaning but innocent idealists. 

Professor Blackett may be correct in his attitude. If so, 
his book is doubly useful. If he is wrong, it is still useful, 
for he has clearly apprised us of the nationalistic and power 
politics thinking that in any case is a major force in 
political activity today. In wondering whether or not it is 
the only force, I am sadly reminded of the recent remark 
of Dr. Albert Einstein on the ‘subject of world peace: 
“Where there is no will there is no way.” 

RICHARD SCHLEGEL 
Michigan State College 









h 


is aa Gh af. 2a 


AMERICAN JOURNAL OF PHYSICS 


VOLUME 17, NUMBER 4 APRIL, 1949 


Proceedings of the American Association of Physics Teachers 


The New York Meeting, January 27-29, 1949 


HE eighteenth annual meeting of the Amer- 

ican Association of Physics Teachers was 

held at Columbia University on January 27-29, 

1949. PROFESSOR H. K. SCHILLING was chairman 

of the program committee for the meeting. Local 

arrangements were in charge of PROFESSOR J. R. 
DUNNING. 

A banquet with the American Physical Society 
was held on Thursday evening, January 27, in 
the Grand Ballroom of the Hotel New Yorker. 
Speakers at the dinner were PROFESSOR ROBERT 
E. CUSHMAN on the subject, ‘“‘Freedom versus 
Security in the Modern World,” and PROFESSOR 
P. W. BripGMAN on the subject, ‘Fundamental 
Democracy and the Forgotten Physicist.” 


Invited Papers and Reports 


Papers and Special Events 


Techniques for demonstrating color phenomena. IsAy 
A. BALINKIN, University of Cincinnati. 

Presentation of the Oersted Medal of the American 
Association of Physics Teachers to Professor Arnold 
Sommerfeld. PAUL KIRKPATRICK, Chairman of the Com- 
mittee on Awards, and J. W. Bucuta, President of the 
Association. 

Acceptance of the Oersted Medal on behalf of Professor 
Sommerfeld. E.U. Connon, National Bureau of Standards. 

How World War II has affected the science of physics— 
seventh Richtmyer Memorial Lecture of the American 
Association of Physics Teachers. LEE A. DuBRIDGE, Cali- 
fornia Institute of Technology. 


Joint Session with the American Physical Society 


Fields and quanta—address of the retiring president, 
American Physical Society. J. R. OPPENHEIMER, Institute 
for Advanced Study. 


Panel Discussion: Physics in General Education 


Physics in general education—keynote address. JAMES 
B. Conant, Harvard University. 

Aims and schemes in general education in physics 
courses. Eric RoGeErs, Princeton University. 

Physics courses in the general education program at 
Harvard. P. LE CorBEILLER, Harvard University. 

Avoidable dangers accompanying the rapid development 
of general education. G. W. Stewart, University of Iowa. 


Physics in physics. A. G. SHENSTONE, Princeton Univer- 
sity. 


Panel Discussion: On the Training of College 
Teachers of Physics 


The need for better training of college teachers of 
physics. T. R. MCCONNELL, University of Minnesota. 

How should graduate schools modify the training pat- 
terns for prospective college teachers? G. B. PEGRAM, 
Columbia University. 

Should prospective college physics teachers be required 
to do research? K. LarK-Horovitz, Purdue University. 

Training college physics teachers to aid in improving 
science teaching in secondary schools. P. G. JOHNSON, 
U. S. Office of Education. 


Symposium: Testing in Physics Teaching 


Testing in terms of specific objectives of physics teach- 
ing. LEo NEDELSKY, University of Chicago. 

Tests being developed at Colgate. C. L. HENsHAw, Col- 
gate University. 

Testing for critical thinking in physics. PAUL J. BURKE, 
Educational Testing Service. 


Proposal for Cooperative Testing Program 


C. N. WALL, on behalf of the Committee on Testing of 
the American Association of Physics Teachers. 


Contributed Papers, with Abstracts 


Two sessions were devoted to the following 
contributed papers: 


1. A borderline problem between physics and biology: 
selfduplication of genes. HERBERT JEHLE, University of 
Pennsylvania.—The most striking example of specific at- 
traction between identical large molecules is the selfduplica- 
tion process of genes, 7.e., of chromosomes in mitosis. From 
the surrounding medium, the constituent molecules of the 
original gene collect molecules which happen to be identical 
with the former ones, placing them near to the' correspond- 
ing molecules of the original gene. Thereafter chemical 
bonds link these molecules together, forming a daughter 
gene. What is so astonishing in this phenomenon is its 
accuracy of differentiation which permits identical replicas 
to be handed down through enormous numbers of chromo- 
some generations; its versatility which implies that all 
kinds of genes and their mutants selfduplicate accurately; 
and the long range of the specific forces involved (the inter- 
acting identical macromolecules are usually separated by 
other constituent molecules of the gene.) Thus we have to 
look at this phenomenon as something very different from 
ordinary chemical bond formation. Classical anharmonic 
resonance between thermally excited identical macro- 
molecules throws some light on this problem. 
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2. Friction, a brief review, two new theorems and a 
problem. G. P. BREwincton, Lawrence Institute of Tech- 
nology.—Amonton’s Law (f=yN) quantitatively describes 
friction phenomena. The source of (dry) friction has been 
explained by two classes of theories as due (a) to rubbing of 
irregular surfaces and (b) the “‘stick slip’’ process. It has 
also been observed that between two well-cleaned or out- 
gassed surfaces the coefficient of friction may become as 
high as 4.00. It is proposed that between two large moving 
surfaces in contact, the energy dissipated is divided be- 
tween the two materials proportionally to their heat con- 
ductivities. Also, that for clean surfaces the coefficient of 
friction is greater for materials having the same crystal 
lattice constant. An interesting problem occurs when one 
flywheel, initially at rest, is brought up to speed by en- 
gaging by means of a friction clutch, with another initially 
rotating flywheel. The heat lost is independent of the 
coefficient of friction in the clutch. 


3. The bicycle ergrometer. LEsTER I. BOCKSTAHLER, 
Northwestern University.—The electrodynamic bicycle er- 
grometer often used in physiology laboratories lends itself 
very well for experimental study in the physics laboratory. 
It should be especially helpful in teaching premedical stu- 
dents. Such an ergrometer will be described. Construction 
plans, constants, methods for calibration, and use will be 
given in detail. The elementary principles of electricity 
as well as the characteristics of the direct current motor 
and generator are, of necessity, brought out clearly in the 
use of this machine. It also serves to tie up and coordinate 
many principles and units of mechanics and electricity. 
Cooperative projects between the departments of physics 
and zoology may be carried out with mutual profit. 


4. Simple demonstration experiments. G. M. KoeEHt, 
George Washington University—Simple demonstration ex- 
periments are very often more valuable as teaching aids 
than the more involved and spectacular ones in which the 
principle being demonstrated is often confused because of 
the students’ interest in the auxiliary equipment. If the 
demonstrations are simple, many students will want to 
repeat them at home as “After Dinner Science.” This 
stimulates further interest in science, and is also an ex- 
cellent learning process, for the student must have a clear 
understanding of the principles involved in order to ex- 
plain the phenomena to his “‘audience’’. Several demonstra- 
tions will illustrate this. First the images formed by plane 
mirrors will be demonstrated and studied. Are these 
images ‘‘reversed left to right’’ as so many textbooks state? 
Next the classical question, “‘What happens to the water 
level in a lake when a metal ship sinks in that lake?”’ will 
be answered by a demonstration. The magnitude of the 
atmospheric pressure is usually convincingly demon- 
strated by means of Magdeburg hemispheres. How can it be 
demonstrated without the use of the hemispheres, pumps, 
or other laboratory equipment? Surface tension can be 
demonstrated with nonlaboratory equipment as can many 
of the phenomena of heat. 
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5. A method of teaching alternating current circuits. 
J. GrBson Winans, MALcoLm COLE, GERALDINE Ross 
WALTERS, VIRGINIA HAZELWooD HuUMMEL, University of 
Wisconsin.—The method of simplification of circuit works 
for both a.c. and d.c. circuits if all additions are vector 
instead of scalar. Kirchoff’s laws for a.c. circuits are: (1) 
The vector sum of currents approaching any point in a 
network equals the vector sum of currents leaving that 
point. (2) In any closed circuit the vector sum of electro- 
motive forces equals the vector sum of the potential drops. 
The directions for current and voltage are horizontal right 
for pure resistive impedance, up for pure inductive im- 
pedance, and down for pure capacitive impedance. From 
Kirchoff’s laws one derives Z=Zi+Z2+Z;3 . . . for impe- 
dances in series and 1/Z=1/Z,+1/Z:2 . . . for impedances 
in parallel. Impedance Z and 1/Z are taken as vectors in 
the same directions as voltages and currents. Impedances 
are really scalars, but the resultant impedance may be 
determined by vector addition. With these equations most 
a.c. circuits simplify to a series circuit and then to a single 
electromotive force E and single external impedance Z. The 
current J=E/Z is the current for the series circuit. With 
this current all potential drops may be determined. With 
all potential drops known each current in the original 
circuit can be determined by J=V/Z. The currents for 
several impedances in parallel must add vectorially to equal 
the series circuit current. 


6. Combining of simple electronic instruments into a Z 
meter and its use in studying characteristics of radio 
equipment. O. L. RaiLtsBack, Eastern Illinois State College. 
—The individual instruments combined are standard 
decade resistance, oscillator electronic switch, and oscillo- 
scope. The impedance to be measured is placed in series 
with the standard resistance and the output of the signal 
generator applied across both. The respective voltages 
across standard and unknown are applied to the inputs 
“A” and ‘“B’”’ of the electronic switch and hence to the 
oscilloscope. The setting on the standard resistance is 
adjusted until both signals stand at the same height on 
the scope. The reading on the standard is then the meas- 
ured impedance. The phase angle can also be read on the 
scope which permits the computation of the reactive and 
resistive components as well as the determination of Q. 
The apparatus has been found useful for observing phase 
relations and measuring impedance of loud speakers at 
various frequencies. Impedance vs. frequency curves for 
speakers are shown. It is also useful in demonstrating the 
resistive character of a mechanical load on the speaker 
diaphragm, the phase angle shifting from nearly zero to 
about sixty degrees in some cases by merely stopping the 
speaker diaphragm with the hand. The “reflection”’ of load 
from secondary to primary in a transformer can be shown. 


7. Demonstration of Pohl’s interference experiment. 
Mark W. ZEMANSKY, City College of New York.—The two 
virtual images of a source due to reflections from the two 
surfaces of a thin mica plate may be used as coherent 
sources for the production of circular interference fringes, 
as first shown by R. W. Pohl and described on p. 68 of 
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Pohl’s Einfuhrung in die Optik. A small high pressure 
mercury arc is used as a source, and a three in. square of 
mica 0.003 in. thick as a reflector. Interference fringes 
covering a whole wall of a lecture hall may be produced in 
this way and demonstrated to a large audience. 


8. The Fundamentals of Colorimetry. DonaLp J. 
LovELL, Norwich University.—The chromaticity diagram is 
derived and the dominant wavelength, purity, and lumi- 
nous reflectance of a substance are found on this diagram. 
These qualities are the physical attributes of color and 
compare to the psychological factors of hue, saturation, 
and brightness. Color measurements are applied to many 
industries, and basic knowledge of modern color measure- 
ment procedures should be had by all physics teachers. 
The psychological attributes of color are explained by a 
hypothetical observer who sorts various colored samples. 
The samples are distributed by hue, saturation, and 
brightness. Hue determines the characteristic of a color 
by which we call it red or blue, etc. Saturation determines 
the ratio of mixture between a “‘pure’’ color and a gray. 
Brightness is found by comparing the sample to a gray 
scale. The discussion also includes the development of the 
tristimulus values and the Young-Helmholtz theory of 
color vision. From a luminous reflectance curve of a sample, 
the luminousity curve of the human eye, and the spectral 
distribution of the light source, chromaticity coordinates 
are derived. These are entered into a chromaticity diagram 
such as the one found in the Handbook of Colorimetry! and 
the physical factors found. An example is followed through. 


1A. C. Hardy, The handbook of colorimetry (Technology Press). 


9. A laboratory experiment on trajectories. FLoyp W. 
PARKER, Lincoln Memorial University.—It is well known 
that a sphere rolling on an inclined plane surface moves in 
a parabolic path. An elaboration of this basic idea has re- 
sulted in a laboratory experiment in which projectiles are 
simulated by rolling steel spheres which move in parabolic 
paths on the surface of a slightly tilted laboratory table. 
The dilution of g associated with the tilting of the table 
enables an observer to follow the motion of the projectile 
with ease. A simple launcher will be exhibited which is 
used to give the sphere a known and repeatable initial 
velocity vo. Preliminary experiments involve the determina- 
tion of vo and of the acceleration of the pseudo-gravity 
effective in accelerating the sphere. With these values 
known, the values of the time-of-flight T, range R, and 
maximum height attained H, are computed for various 
angles of elevation. Verification of the formulas used and 
of the accuracy of the computations is accomplished by 
means of trial shots with small targets placed at the com- 
puted positions of H and R. The value of T is verified with 
a stopwatch. Suggestions pertaining to such items as 
laboratory procedure, surface smoothness, frictional effects, 
and target size will be made, and information relative to the 
accuracy obtainable, based on the percentage of hits 
achieved by approximately 300 laboratory students, will 


be presented. A short auxiliary experiment will also be 
described, 


233 


10. Observations of a “reactionary” physics teacher. 
Henry A. Perkins, Trinity College.—Inability of students 
to get information from the printed word and inadequate 
training in mathematics are our most serious obstacles 
which can only be overcome by better training in the 
schools. However, in spite of this unhappy state of things, 
much can still be accomplished at the college level. The 
vital discipline of deriving an important formula, now too 
much neglected, can still be required. It is better to mem- 
orize a proof, if necessary, than never to read it at all. A 
certain amount of oral recitation is advocated, with reser- 
vations. The inductive method in elementary laboratory 
classes is discouraged. The chief value of such a course is 
acquiring technique and method rather than theory, and 
there should be a careful explanation of the experiment 
before the student performs it. Finally, types of examina- 
tion are discussed, and opinions given on how to grade 
them, closing with a defense of reactionary policies in 
general when we need to recover certain values that have 
been lost through progress in a wrong direction. 


11. The contribution of physics laboratory work to 
general education. G. E. OWEN, Antioch College—While 
the physics laboratory should contribute to the general 
education of the student by making him familiar with 
some phenomena, some instruments, and some techniques 
which will contribute to his effectiveness as an individual, 
its major contribution has to do with developing some skill 
in applying the scientific method and a disposition to use it. 
The ordinary form of laboratory work based on technical 
experiments, modified for the general student, gives him no 
experience in some of the most important aspects of the 
scientific method. He does not formulate the question, 
plan the experiment, or even arrive at an unbiased con- 
clusion (he arrives at the conclusion he is led to expect is 
the “right’’ one). He does get a chance to interpret the 
data, but in many cases the way in which he is to make the 
interpretation is prescribed and the end result must 
agree with a theory or a handbook. It is important that 
the student develop a disposition to apply the scientific 
method, so far as it can be applied to all his problems. 
The physics laboratory work should be so designed that 
he gets a chance to use it, and successfully, or that disposi- 
tion will not be encouraged. Several experiments are de- 
scribed which will enable the student to gain.some of the 
values described. 


12. A special science laboratory for nonscience educa- 
tion. ERNA M. J. HERREY, Queens College-——Since more 
adequate understanding of science is now generally con- 
sidered indispensable for the layman-citizen, nobody 
doubts that nonscience students should receive instruction 
in science, though opinions differ on the how. But, whether 
students should take a conventional laboratory course or 
special science surveys, or courses based on historical or 
philosophical approach, the following are always major 
difficulties which the nonscience student must be helped 
to overcome: The intimidating immensity of the subject; 
students’ prejudices regarding specific abilities required 
to grasp science; lack of familiarity with scientific matters 
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and even elementary mathematics; habits of trying to learn 
by reading and memorizing instead of understanding; 
prevalence of interest in passing marks rather than in the 
subject itself. The essential point seems: to make the 
student learn through his own immediate experience with 
tasks of science. Lectures and book reading should be 
reduced in favor of simple experiments selected © to 
familiarize with purpose and methods of science rather 
than detailed factual results. This was tried out by intro- 
duction of laboratory periods specially devised for non- 
science students. Independently, each student had to 
solve simple problems through self-planned experimenta- 
tion with simple apparatus and unbiased interpretation of 
observed results. Examples of suitable experiments are 
given and this method of achieving understanding of 
science compared with other methods. 


13. College physical science courses in general educa- 
tion. C. C. CLrark, New York University.—Assuming 
that the idea that physics (or physical science) courses for 
general education should have a place in college curricula 
is generally accepted, the following questions present them- 
selves. What are the primary objectives of such courses? 
What shall their content be? What methods of teaching 
shall be used? These courses should give the student some 
insight into the scientific method as a way of handling 
problems, and provide him with some understanding of 
physical science phenomena. The subject matter to be 
studied is to be carefully selected to include some of the 
fundamental principles of the physical world, particularly 
those whose applications affect so closely and extensively 
our daily experiences. It should include a few well chosen 
historical examples of the development of science, pre- 
sented so as to illustrate the rational and impartial methods 
used in solving scientific and related problems. All subject 
material is to be on a nontechnical level, devoid of ex- 
tensive and higher mathematics. It should be fully illu- 
strated in the classroom with appropriate and working 
demonstrations. A course based upon the above ideas has 
been offered by New York University for twenty years. 
Taken by several thousand students, it has met with 
satisfactory results. 


14. A course for nonscience majors. W. J. JACKSON 
AND E. A. TOWNSEND, Rutgers University.—The course 
sets before the student ceratin broad objectives, namely, 
to gain some understanding of the physical world as made 
known by science; to become familiar with the concepts 
and habits of thought which have produced modern 
physical science and the manner in which these concepts 
and habits have been used to solve certain problems; and 
finally to come to some understanding of the significance of 
science and its application in our modern society. Recog- 
nizing that such broad objectives might lead to one of two 
extremes, either a very descriptive course about science or 
the typical general course with only minor changes, care- 
fully considered procedures have been used in developing 
this course. Briefly, these are: (7) a careful selection of 
subject matter, (ii) an introduction of certain material 
from the fields of astronomy and chemistry to give a basis 
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for the development of certain ideas later, (ii7) the intro- 
duction of certain significant ideas in their original form 
through materials now becoming more readily available 
to enable the student to get an historical perspective, (iv) 
a cutting across the traditional classification of fields when- 
ever necessary, through classroom work and collateral 
reading, to have the student grasp the significance of the 
growth of concepts through man’s experimentation and 
development of theory, (v) a selection of laboratory ex- 
periments carefully designed to help with the understand- 
ing of the important concepts studied and to give added 
emphasis to the importance of measurements in the growth 
of physical science, (vz) the introduction of more advanced 
group experiments, too difficult for the general student to 
do alone, but necessary in attaining the objectives. The 
content of the course and the teaching devices used will 
be discussed in some detail. 


15. A refresher program for high school physics teachers. 
ELMER Hutcuisson, Case Institute of Technology.—As a 
contribution toward the better training of scientists in this 
country, the General Electric Company has, during recent 
summers, established fellowships for high school science 
teachers at Union College and at Case Institute of Tech- 
nology. At Case, fifty fellowships, all for teachers of physics, 
were granted in each of the summers of 1947 and 1948. 
These fellowships included tuition, board and lodging, and 
travel expenses to and from Cleveland. The program of 
study, under the direction of R. S. SHANKLAND, R. C: 
Putnam, L. O. OLSEN, and E. C. GREGG, was designed to 
provide a review of the fundamental concepts of physics 
and of recent developments in the physical sciences, so 
that the fellows could return to their classrooms at the end 
of the summer aware of the importance of strong emphasis 
on fundamentals and of the directions in which physical 
science is progressing. It was expected that their teaching 
should reflect this renewed knowledge, and they should be 


more likely to awaken scientific ambition in the minds of 
students. 


16. Heat and thermodynamics in elementary courses. 
Eric M. RoceErs, Princeton University —While mechanics 
is taught in a systematic way to provide a needed back- 
ground, heat is usually taught with a disappointing choice 
of topics and emphasis. The treatment seems to be a 
survival from some more extensive course. A plea is made 
for reconsideration of the syllabus, to give less attention 
to some topics, such as thermal expansion, and more to 
others, such as kinetic theory and perhaps thermodynamics. 
If thermodynamics is treated at all it should be carried toa 
stage where the student can see its use—for example, the 
Clausius-Clapeyron relation should be obtained. A device 
for discussing Carnot efficiency is shown; and a scheme is 
given for developing the Kelvin scale easily. 


17. Did the Greeks perform experiments? Otto BLun, 
University of British Columbia.—The discussion of the 
historical development of physical science in college courses 
for nonscientists is now accepted as an important element 
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of the so-called ‘cultural approach’. In future greater recog- 
nition will also be paid to the history of physics in the 
curriculum of the science major, and especially of the 
physicist. It will then be significant to deal with the subject 
not in a superficial and sweeping manner, and without any 
of the popular preconceptions. Contrary to the aknowledged 
speculative achievements of the Greeks, their scientific 
work, until recently, has been treated in a disparaging 
manner, and modern scientists still adhere readily to the 
view that Greek physical science did insufficiently ap- 
preciate quantitative observation and experimentation, 
which are claimed to be modern practices. The question 
is supposed to be obscured by the lack of information, but 
classical literature leaves us not without indication that 
planful observation and experiment were at the basis of 
Greek scientific statements. The notion that the Greeks 
were averse to experimenting because this involves 
manual labor reflects more the attitude of the 18th and 
19th century gentleman-philosopher than the original 
Greek way of thinking. They could have satisfied their 
admittedly high curiosity for knowledge by employing 
their slaves in the execution of experiments. The spherical 
shape of the earth, the models of planetary motion, the 
laws of acoustics, or such considerations as were included 
in their atomistic theory of matter, are still frequently 
presented as speculative achievements, based on ‘aesthe- 
tical arguments’, ‘number speculation’, and the play of pure 
imagination. We can hardly believe that such knowledge 
is found so easily, that such truths are discovered by in- 
spired vision rather than by accurate observation, col- 
lection of data, planful experiments, and theoretical gener- 
alization; and there is no cogent necessity for this belief 
on account of sufficient evidence to the contrary. But the 
question remains why we have no literary sources which 
give direct information about Greek experimental work 
and working methods. The explanation is to be found, in 
my opinion, in their attitude to scientific work in general. 
Not only manual work, but also the work of the intelle_tual, 
the artist, poet, and scientist, was considered a caiamity, 
and despised by the noble Greek. Nevertheless, it was not 
considered undignified for the artist and scientist to do his 
work, because he was considered to submit himself to an 
overpowering urge originating in superpersonal or divine 
powers. Intellectual work therefore had to have the stamp 
of inspiration and vision. And when scientific results were 
obtained the hard way, the methods had to be obscured, 
and the pretension upheld that the results had been ob- 
tained through inspiration. Such conventions made it 
undesirable to describe toilsome observational and ex- 
perimental work. The Greek scientist’s attitude to ‘publica- 
tions’ was therefore fundamentally different from ours, 
which, at times, is more concerned about the exposition 
of scientific methods than about the results of research. It 
is not astonishing, for the mentioned reason, that written 
evidence of experimental work has not been preserved. In 
trying to follow the intricacies of classical thought in con- 
nection with considerations on the history of science, wider 
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educational values can be evolved, serious misunderstand- 
ings dispelled, and obsolete statements eventually avoided. 


18. Reactance measurements with a “Lecher wire” 
system—an experiment in advanced electrical measure- 
ments. T. B. Brown, George Washington University.— 
The reactance to be measured is made the termination of a 
resonant line (parallel wires) and its value then computed 
from the characteristic impedance of the line and the dis- 
tance from the termination to the nearest voltage-node. 
A pair of wires several meters long is stretched between 
fixed points and divided into two sections by connections 
to a short lateral line which couples it to the oscillator. One 
section serves as the tuned line which is terminated by the 
reactor while the other section is provided with a shorting 
bridge and serves as a tuning stub. The connections to 
the lateral line make sliding contact with the main line so 
that the oscillator may be placed anywhere along its 
length; this permits easy operation of the line over a wide 
frequency band. Readings may be made with high pre- 
cision, and systematic errors have been reduced to small 
values by careful design. This experiment has been very 
useful in the advanced undergraduate laboratory where it 
serves to correlate ordinary resonance methods of measure- 
ment at RF with VHF methods employing concentric 
lines and wave-guides. It has much of the simplicity of the 
former while it involves all the basic principles of the latter 
method. 


19. WHEN is a physicist? STANLEY S. BALLARD, Tufts 
College——In view of the much-heralded emergence of 
physics as a profession, regarding which all of us are en- 
thusiastic, serious thought must be given to setting up 


professional standards applicable to individuals. The 
physics professor must be provided with an answer for his 
undergraduate majors when they ask, ‘‘When can I say 
that I am a professional physicist?’’ At present there is in 
this country no ready-made answer to this question in the 
field of physics, as there is in the various fields of engineer- 
ing and perhaps also in chemistry: In view of the rapidly 
increasing place that physics is establishing for itself in 
industrial research, development, and production control, 
the Ph.D. degree can no longer be accepted as the necessary 
criterion for having attained professional stature in physics, 
at least in other than academic circles. Presumably some 
acceptable combination or combinations of formal educa- 
tional training and subsequent professional or on the job 
experience must be worked out. This may involve the 
accrediting or certifying of college and university physics 
departments and/or their curricula, a procedure which will 
be fraught with many practical difficulties. The results of 
an informal questionnaire taken among Tufts College 
physics majors will be presented as an illustration of 
current student attitudes as to when a person should be 
able to call himself a professional physicist, and some of 
the many possible combinations of educational training 
and professional experience which might suffice to certify 
a professional physicist will be discussed briefly. 











Report of the Secretary 


The Executive Committee held its annual meeting in 
the American Institute of Physics Building, January 28, 
1949. President Buchta presided. 

The following persons were present: *Mildred. Allen, 
Henry Barton, C. E. Bennett, *D. M. Bennett, *O. H. 
Blackwood, *L. Bockstahler, *J. W. Buchta, *B. H. 
Dickinson, H. L. Dodge, J. D. Elder, *R. C. Gibbs, E. 
Hutchisson, *C. Hodges, H. Hughes, E. C. Kemble, *Paul 
Kirkpatrick, *G. M. Koehl, K. Lark-Horovitz, *R. W. 
Lefler, Harvey Lemon, *W. V. Norris, *C. J. Overbeck, 
*R. R. Palmer, *R. F. Paton, *W. B. Pietenpol, *O. L. 
Railsback, *E. M. Rogers, *Duane Roller, *H. K. Schilling, 
F. G. Slack, R. M. Sutton, M. H. Trytten, B. B. Watson, 
M. W. White, and A. G. Worthing. Asterisks indicate the 
names of voting members at this meeting. The others were 
present by invitation. 

Business with American Institute of Physics—Our dues 
for 1949 to the American Institute of Physics, as a sup- 
porting member society, have again been set at 15 percent 
of the 1948 dues income. Our increased membership gives 
us four representatives on the Governing Board of the 
Institute. The following are nominated to represent 
A.A.P.T. for the terms stated: Marsh White 1947-50; 
P. E. Klopsteg 1948-51; Paul Kirkpatrick 1949-52; H. K. 
Schilling 1949-52. 

The Journal.—Upon recommendation of Editor T. H. 
Osgood, the following appointments have been made. 
Assistant Editor—B. H. Dickinson; Associate Editors 
(three year term)—J. E. Goldman; H. N. Otis; Eric 
Rodgers. 

Reports of officers and committees —The work of the officers 
is demonstrated through the meetings and general activity 
of the Association. A study of the Treasurer’s report, 
published elsewhere in this issue, shows that we operate on 
a firmer financial footing than ever before. A number of 
new projects are, therefore, being initiated now to give the 
membership the benefit of this resource. 

The membership committee under Dr. Marsh White 
has been primarily responsible for an increase of some 
seven hundred new members during the past year, bringing 
the present total to over 2650 members. Time and the 
increased membership have focused attention on a need 
for revision of portions of the Constitution and By-Laws. 
Three committees have been working on phases of this 
job. It is probable that their final report will be presented 
to the members of A.A.P.T. for action within this year. 

We continue our cooperation through representatives 
with other organizations (A.C.E., A.A.A.S., N.S.T.A., 
A.S.E.E., etc.). Some of these representatives are on 
important joint committees. All of our own committees 
are active. The results of the work of our committee on 
Letter Symbols and Abbreviations will be found in several 
science hand books. The ‘“‘Coulomb’s Law Committee” 
has just completed a hundred page report which will soon 
appear in print. The committee on Visual Aid to Teaching 
is working on four projects which will be of service to our 
membership. The first of these is expected to take definite 
form during 1949, 





PROCEEDINGS OF THE ASSOCIATION 


The L. W. Taylor Memorial Fund.—The untimely death 
of L. W. Taylor is a severe loss to the Association. An 
anonymous friend of Dr. Taylor has started a Memorial 
Fund in which others may wish to participate. 

Future meetings.—The American Society for Engineering 
Education again invites the A.A.P.T. to cooperate in 
holding a June meeting this year at Troy, New York, 
June 21-25. The Executive Committee has accepted this 
invitation and also plans to hold a meeting June 27-29 at 
Seattle, Washington. The details for the next annual 
meeting have not yet been worked out. 

Election of officers.—The count of the 777 ballots cast in 
the December election has resulted in the election of the 
following new officers: 


President: (1 year term) J. W. Bucuta. 

Vice-President: (1 year term) DUANE ROLLER. 

Secretary: (2 year term) R. F. Paton. 

Treasurer: (2 year term) P. E. KLopstEc. 

Executive Committee: (2 year term) R. B. Bropg, F. G. 
SLACK. 


Attendance at annual meeting.—The A.A.P.T. attendance 
for this past meeting was most encouraging. Nearly every 
session filled the rooms to capacity and on some occasions 
even standing space was not available after over 300 
auditors had filled both seats and aisles. The prepared 
speeches and the floor discussions which followed were 
equally stimulating. 

Annual business meeting.—The eighteenth annual busi- 
ness meeting was held Saturday, January 29th at 11:15 
A.M. A brief report of A.A.P.T. activities was given by 
the Secretary, followed by reports from committee chair- 
men There was no business requiring official action of the 
members present. 

A vote of thanks was extended to the Secretary now 
completing the Constitutional limit of six years service 
and to the Program chairman, Vice-President H. K. 
Schilling, for his excellent work in arranging a very 
successful program. 

C. J. OvERBECK 
Secretary, 1943-1949 


Annual Report of the Treasurer 


Balance brought forward from December 15, 1947 $ 5,128.74 
(See auditor’s report for 1947) 


CasH RECEIVED 


Dues received for 1948......... $11,963.10 
Dues received for 1947......... 5.00 
U. S. Treasury Bond Interest. . . 200.00 
Royalties from McGraw-Hill.... 262.50 
Receipts for AAPT dinner reser- 
vations—1948 meeting....... 693.00 
hi W.. Faypeer Fae... oe cs 250.00 


Total deposited, 12-14-47 to 12-31-48... 13,373.60 


NORGE Gale IGN 5. bier we Ban Bee ee $18,502.34 
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DISBURSEMENTS 


Payments to American Institute 
of Physics 


3,030.31 
Other charges in connection 
with publication 
15% of dues to support of AIP 
Purchase of Treasury Bonds, 
Sept. 8, 1948 
January 1948 meeting, payment 
to caterer 
Postage and supplies, Editor’s 


2,366.75 
1,240.10 


5,085.55 
690.00 


438.05 

Travel expenses, Editor and 

Assistant Editor 
Assistants, Editor’s Office 
Expenses of Secretary’s 

Treasurer’s Offices 
Cooperative Committee 
Expenses of President’s Office. . . 
Expenses of Membership Com- 

mittee 
Expenses of Nominating Com- 


241.03 
1,567.00 

and 
569.02 
59.03 
42.06 


1,832.57 
87.35 


100.00 
American Council on Education, 
travel expenses of AAPT repre- 
sentative 
Miscellaneous 


102.60 
49.20 


Total disbursed 17,500.62 


Balance on hand December 31, 1948 $ 1,001.72 


The Association held at December 31, 1948, 
U. S. Government Treasury Bonds and 


Notes having a par value of $15,000.00 


* Includes $1,385.45, payment for operations between September 30 
and December 31, 1947. 


I have audited the books of account and records of Dr. Paul E. 
Klopsteg, Treasurer of the American Association of Physics Teachers, 
for the year ended December 31, 1948, and hereby certify that the 
foregoing statement of receipts and disbursements correctly reflects 
the information contained in the books of account. Receipts during 
the year were satisfactorily reconciled with deposits as shown on the 
bank statements, and all disbursements have been satisfactorily 
supported by vouchers or other documentary evidence. U. S. Govern- 
ment Bonds and Notes of $15,000 par value are held in safekeeping 
by the State Bank and Trust Company of Evanston, Illinois, and a 
certificate was obtained from the custodian as of December 31, 1948. 
WILLIAM J. Lusy 
Chicago, Illinois Certified Public Accountant 


In connection with the formal report of the Treasurer, 
which is herewith submitted, the following comments are 
of interest: 

Because of the large number of nonmember subscrip- 
tions, the amounts paid towards publication costs by 
authors, and the substantial sale of back numbers, the 
American Journal of Physics had a net income of $9,822 
from sources other than membership dues. Its total cost 
to the Association of $13,713 was thus reduced to $3,891. 
This total cost is just a few cents under $6 per year on 
the present membership basis so that each member benefits 
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to the extent of about $4.20 by virtue of the other sources 
of income mentioned. 

It has been the policy of the Treasurer through the 
years to try to anticipate financial needs on a long-term 
basis. Much experience with organizations that are con- 
stantly struggling with financial problems made him aware 
of the desirability of provision for advancing costs, an 
expanded program of publication, and for such non- 
publication activities as might be desirable for the Associ- 
ation to undertake. One example of this is the financial 
requirement of an active committee such as the Member- 
ship Committee, which in 1948 disbursed $1,833. (That 
its efforts were highly successful is: shown by the net 
increase of 666 members in good standing at the close of 
the year.) Provision also had to be made to relieve the 
Secretary’s and Treasurer’s offices of some of the burden- 
some detail that goes with rising membership. During the 
years past practically all of this work had been carried by 
these two offices without expense to the Association. A 
substantial part of that expense continues to be carried 
by the institutions with which these officers are connected. 
During 1948 the collection of dues, maintenance of the 
mailing list, and the addressing and mailing of notices, as 
well as other miscellaneous routine, were handled by the 
American Institute of Physics at a cost of $2,740. This 
includes publication of the membership directory and re- 
printing of back issues for which a continuing demand exists. 

The Executive Committee in its actions has wisely 
implemented the planning of the Finance Committee. 
Through the years the Association has been successful 
both in accomplishment of its aims and in its finances. It 
has accumulated a reserve of about $15,000 which consti- 
tutes a substantial guarantee towards the undertaking of 
any worthwhile projects that may seem desirable. Be- 
ginning with 1948 our dues were increased from $5 to $6. 
Notwithstanding that this was only 20 percent—a very 
much lower increase than has been necessary in many 
other societies—that the number of issues of the Journal 
was increased from 6 to 9, and that there was unusual 
expense in the transfer of the editorial office, we succeeded 
in breaking even for the year. Out of the $1000 excess of 
receipts over disbursements, about $500 is still to be paid 
the American Institute of Physics for operations in the 
fourth quarter of 1948. Thus there is an estimated net 
surplus from the year’s operations of about $500. 

The Association, in common with the other member 
societies, is fortunate in its close relationship with the 
American Institute of Physics. This connection has pro- 


.vided the members with a subscription to the new journal, 


Physics Today, without additional cost, although there 
may be the necessity of making a small charge in the future. 
It also provides the excellent services that the Association 
could otherwise secure only with difficulty and probably 
at substantially greater cost. 

It is gratifying to the Treasurer to be able to present a 
report as optimistic as this one. It has been especially 
gratifying to see the steady and substantial growth of the 
Association since its inception. It has been responsible for 
creating and developing through its very competent 
editors a journal which has filled a serious void among the 
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publications in Physics, and which is highly appreciated 
by many subscribers who are not members of the teaching 
profession. In the society the teachers of physics have 
found a meeting ground where they can, without hesitation 





1 Rutherford = 10° Disintegrations per Second 


The determination of the number of radioactive atoms in 
a sample of a radioactive isotope can only be accomplished 
by using procedures that will yield absolute measurements, 
or by using uniform standards of comparison that will give 
the same result whenever the determination is made. In the 
measurement two factors are involved: One is that the 
methods which are correct in principle be used; the other 
is that a reasonable degree of accuracy in producing and 
using the standards must be attained. 

What is desired in the measurement of a sample of a 
radioisotope is the number of radioactive atoms present. 
This determines the strength of the source. The actual 
number of radioactive atoms present JN is related to the 
rate at which atoms are disintegrating by the disintegration 
constant A, according to the fundamental law of radio- 
active decay 

dN/dt=—XN. 
It is, therefore, necessary to measure the rate of disinte- 
gration in order to determine the number of atoms present 
in a sample. This disintegration rate is generally equal to 
the number of nuclear particles, usually beta-particles or 
positrons, which are emitted per unit time from all atoms 
disintegrating within this time interval. 

Most of the difficulties in making quantitative deter- 
minations of radioisotopes can be eliminated, if standard 
sources of the radioisotope under measurement are avail- 
able. Unfortunately, it is possible to produce standards of 
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New Members (continued from page 221) 


or apology, discuss problems important to their profession, 
The strength of the society, in numbers, activities, and 
finances, assures an even more successful future. 

Paut E. KLopstec, Treasurer 


only a relatively few radioisotopes. Isotopes having large 
disintegration constants and known disintegration schemes 
can, however, be compared with other isotopes with fair 
accuracy if (1) it is known that a beta ray or a positron is 
emitted for each disintegration, and (2) the maximum 
energy of the beta-ray spectrum of the standard is not too 
different from that of the isotope to be measured. 

For many purposes a unit for the disintegration rate 
which is smaller than the curie and which can be specified 
independently of the decay rate of radium is desirable. 
The name rutherford (abbreviation rd) has been suggested 
by E. U. Condon and L. F. Curtiss! for a rate of 10° dis- 
integrations per second. The millirutherford and the micro- 
rutherford are convenient submultiples of the unit. While 
the disintegration rates of radioisotopes vary over a wide 
range, the unit is of convenient size. For example, thera- 
peutic doses of many radioisotopes are of the order of 100 
rd, while the weakest source that can be measured by the 
mica-window bell-type counters is about 1 urd. Radio- 
active standards available from the National Bureau of 
Standards include Co® solution in 5 ml ampoules rated 
at 1.5 rd and 0.15 rd. Leon F. Curtiss, ‘‘Measurement of 
Radioactive Isotopes,” National Bureau of Standards 
Circular 473 (1948). (Circular may be obtained from the 
Superintendent of Documents, U. S. Government Printing 
Office, Washington 25, D. C., at 5 cents per copy.)— 
B.H.D. 


1E. U. Condon and L. F. Curtiss, Physical Rev. 69, 672 (1946). 


Ramsey, Allan, 3401 Sophia Way, Sacramento 17, Calif. 

Reid, Harry A., Alabama Agricultural & Mechanical College, Normal, 
Ala. ‘ 

Rittenburg, Stanley Edward (J), 121 Glenville Ave., Allston 34, Mass. 

Roane, Asa Em., (J), Rt. 1, Box 136B, Berrien Springs, Mich. 

Roche, Thomas E., Jr. (J), 1013 Walnut St., Newton Highlands 61, 
Mass. 

Scheffler, Edward C. (J), 56 Cornelia Ct., Roxbury 20, Mass. 

Schleicher, Robert B. (J), 3477 Rosendahl Ave., San Diego 10, Calif. 

Sladky, Richard E., 1402 W. Locust St., Milwaukee, Wis. 

Smith, Stephen Judson (J), 1708 W. Michigan Ave., Kalamazoo, Mich. 

Storer, James E., 376 Woodbridge Ave., Cambridge, Mass. 

Tracy, Fred, 521 E. Beaver, State College, Pa. 

Treanor, Charles E. (J), 51 Ketchum Place, Buffalo 13, N. Y. 

Vuylsteke, Arthur A. (J), 1162 Lakewood Ave., Detroit, Mich. 

Walton, Joe R., 123 Canton Hall, Oak Ridge, Tenn. 

Whitney, James A. (J), 338 East 4th St., National City, Calif. 

Wickenden, Roger C., R.R. No. 2, Oxford, Ohio 

Wilkins, Lawrence E., 2738 Knox Ave., Los Angeles 26, Calif. 

Williams, Perry W., Physics Dept., South Dakota State College, 
Brookings, S. D. 

Woodhams, Raymond T. (J), 56 Forward Ave., London, Ontario, 
Canada 

Wray, Shirl D., R.R. No. 7, Crawfordsville, Ind. 

Zieman, Clayton M. (J), Wabash College, Crawfordsville, Ind. 









